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Abstract—In this paper, we propose a novel space-time min-
imum mean square error (MMSE) decision feedback (DF) de-
tection scheme for direct-sequence code-division multiple access
(DS-CDMA) systems with multiple receive antennas, which em-
ploys multiple-parallel-feedback (MPF) branches for interference
cancellation. The proposed space-time receiver is then further
combined with cascaded DF stages to mitigate the deleterious
effects of error propagation for uncoded schemes. To adjust the
parameters of the receiver, we also present modified adaptive
stochastic gradient (SG) and recursive least squares (RLS) al-
gorithms that automatically switch to the best-available inter-
ference cancellation feedback branch and jointly estimate the
feedforward and feedback filters. The performance of the system
with beamforming and diversity configurations is also considered.
Simulation results for an uplink scenario with uncoded systems
show that the proposed space-time MPF-DF detector outperforms
existing schemes such as linear, parallel DF (P-DF), and successive
DF (S-DF) receivers in terms of bit error rate (BER) and achieves
a substantial capacity increase in terms of the number of users,
compared with the existing schemes. We also derive the expres-
sions for MMSE achieved by the analyzed DF structures, including
the novel scheme, with imperfect and perfect feedback and ex-
pressions of signal-to-interference-plus-noise ratio (SINR) for the
beamforming and diversity configurations with linear receivers.

Index Terms—Antenna arrays, decision feedback (DF), direct-
sequence code-division multiple access (DS-CDMA), interference
suppression, multiuser detection.

I. INTRODUCTION

IN direct-sequence code-division multiple-access (DS-
CDMA) systems, substantial work has been devoted to

the design of schemes for interference mitigation. The major
source of interference in most code-division multiple-access
(CDMA) systems is multiaccess interference (MAI), which
arises due to the fact that users communicate through the
same physical channel with nonorthogonal signals. Multiuser
detection has been proposed as a means to suppress MAI,
increasing the capacity and performance of CDMA systems [1],
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[2]. The optimal multiuser detector of Verdu [3] suffers from
exponential complexity and requires the knowledge of timing,
amplitude, and signature sequences for all users. This fact has
motivated the development of various suboptimal strategies
with affordable complexity: the linear [4] and decision feedback
(DF) [5] receivers, the successive interference canceller [6], and
the multistage detector [7]. For uplink scenarios, some works
[8], [13] have shown that DF structures, which are relatively
simple and perform linear interference suppression, followed
by interference cancellation, provide substantial gains over
linear detection.

Among these schemes, the minimum mean square error
(MMSE) multiuser DF detectors have emerged as highly ef-
fective solutions for the uplink as they provide effective MAI
suppression, significant capacity increase, and excellent perfor-
mance, compared with related detectors [9]–[14], at a relatively
modest complexity. In particular, when using short or repeated
spreading sequences, the MMSE design criterion leads to adap-
tive versions, which only require a training sequence to estimate
the receiver parameters. The work of Honig and Woodward [10]
has shown that the design of adaptive DF receivers based on the
MMSE criterion using basic DF structures, i.e., the successive
DF (S-DF) and the parallel DF (P-DF) schemes, can provide
substantial gains over linear schemes. Both S-DF and P-DF
schemes have their limitations: However, the P-DF scheme,
which is more sensitive to error propagation than the S-DF,
provides relatively better performance. The works in [9] and
[10], however, did not consider the incorporation of antenna
arrays. Adaptive space-time DF detectors were proposed by
Smee and Schwartz [11], although the work was limited to
the use of adaptive algorithms for only the feedforward filter
with S-DF structures. Another technique that can substantially
increase the capacity of CDMA systems is the use of smart
antennas. Indeed, detectors equipped with antenna arrays can
process signals in both temporal and spatial domains, increase
the reliability of the links via diversity, and separate interferers
via beamforming. The literature on the combined use of antenna
arrays and DF structures is relatively unexplored.

In this paper, we propose a novel space-time MMSE DF
detection scheme for uplink DS-CDMA systems with antenna
arrays, which employs multiple-parallel-feedback (MPF)
branches for interference cancellation. The basic idea is to
improve the conventional S-DF structure by using different
orders of cancellation and then select the most likely estimate.
For each user, the proposed detection structure is equipped
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with several parallel branches, which employ different order-
ing patterns, i.e., each branch produces a symbol estimate by
exploiting a certain ordering pattern. Thus, there is a group
of symbol estimates at the end of the MPF branch structure.
The criterion of the Euclidean distance is used to select the
branch with the best performance. The novel structure exploits
different patterns and orderings for the modification of the
original S-DF architecture and achieves higher detection diver-
sity by selecting the branch that yields the estimates with the
best performance. A near-optimal user-ordering algorithm is
described for the proposed space-time MPF-DF structure due
to the high complexity of the optimal ordering algorithm. Fur-
thermore, the proposed DF receiver structure is combined with
cascaded DF stages to mitigate the deleterious effects of error
propagation and refine the symbol estimates of the users. We
present modified adaptive algorithms for both feedforward and
feedback filters using stochastic gradient (SG) and recursive
least squares (RLS) algorithms. Basically, we use a switching
rule among different ordering branches; for each iteration, we
select the optimum branch based on all the feedback results
and adapt the filters using the selected branch of data. The
performance of the system with beamforming and diversity
configurations is also considered. We derive the expressions
of the signal-to-interference-plus noise ratio (SINR) for the
beamforming and diversity configurations with linear receivers
and the expressions of MMSE achieved by the considered
DF structures with imperfect and perfect feedback. The main
contributions of this paper are given here. 1) Novel space-time
MMSE DF receivers with MPF are introduced for interfer-
ence suppression in uplink DS-CDMA systems with antenna
arrays, where beamforming and diversity configurations are
considered. 2) The proposed space-time MPF-DF receiver is
combined with multistage detection. 3) The modified adaptive
algorithms are developed for both feedforward and feedback
filters. 4) Analytical works are carried out for the proposed
space-time MPF-DF. Our proposed space-time adaptive DF
scheme and algorithms can be used in other scenarios, includ-
ing multiple-input–multiple-output and multicarrier CDMA
(MC-CDMA) systems.

This paper is structured as follows: Section II briefly de-
scribes the DS-CDMA system model and array configurations.
The proposed space-time MPF-DF scheme is described in
Section III. Section IV is devoted to the proposed scheme,
combined with the cascaded DF stages. The proposed MMSE
space-time estimators are derived in Section V, and Section VI
discusses the adaptive estimation algorithms for feedforward
and feedback receivers. Section VII presents and discusses the
simulation results. Section VIII draws the conclusions.

II. DS-CDMA SYSTEM MODEL AND ARRAY

CONFIGURATIONS

Let us consider the uplink of an uncoded synchronous binary
phase-shift keying DS-CDMA system with K users, N chips
per symbol, and Lp propagation paths. It should be remarked
that a synchronous model is assumed for simplicity, although it
captures most of the features of more realistic asynchronous
models with small-to-moderate delay spreads. The baseband

signal transmitted by the kth active user to the base station is
given by

xk(t) = Ak

∞∑
i=−∞

bk(i)sk(t − iT ) (1)

where bk(i) ∈ {±1} denotes the ith symbol for user k, and the
real-valued spreading waveform and the amplitude associated
with user k are sk(t) and Ak, respectively. The spreading
waveforms are expressed by sk(t) =

∑N
i=1 ak(i)φ(t − iTc),

where ak(i) ∈ {±1/
√

N}, φ(t) is the chip waveform, Tc is
the chip duration, and N = T/Tc is the processing gain. As-
suming that the channel modeled as parameter vector h is
constant during each symbol and the base station receiver with a
J-element linear antenna array is synchronized with the main
path, the received signal at the jth antenna element is

rj(t) =
K∑

k=1

Lp−1∑
l=0

hj,k,l(t)xk(t − τj,k,l) + nj(t) (2)

where hj,k,l and τj,k,l are the channel coefficient and the
delay associated with the lth path and the kth user of the jth
(j = 1, 2, . . . , J) antenna element, respectively. Assuming that
delays τj,k,l are multiples of the chip rate, the received signal at
each antenna rj(t) after filtering by a chip-pulse matched filter
and sampled at the chip rate yields the M -dimensional received
vector for each antenna element

rj(i) =
K∑

k=1

(
Akbk(i)Ckhj,k(i) + ηj,k(i)

)
+ nj(i)

=
K∑

k=1

(
Akbk(i)p̃k,j(i) + ηj,k(i)

)
+ nj(i) (3)

where M = N + Lp − 1, nj(i) = [nj,1(i), . . . , nj,M (i)]T is
the complex Gaussian noise vector, and (.)T denotes trans-
pose. The user k channel vector of the jth antenna element
is hj,k(i) = [hj,k,0(i), . . . , hj,k,Lp−1(i)]T , where hj,k,l(i) =
hj,k,l(iTc), l = 0, . . . , Lp − 1; ηj,k(i) is the intersymbol inter-
ference (ISI) and assumes that the channel order is not greater
than N , i.e., Lp − 1 ≤ N ; sk = [ak(1), . . . , ak(N)]T is the
signature sequence for user k; and p̃k,j(i) = Ckhj,k(i) is the
effective signature sequence for user k at the jth antenna
element, where the M × Lp convolution matrix Ck contains
one-chip shifted versions of sk

Ck =

⎛
⎜⎜⎜⎜⎜⎝

ak(1) 0
...

. . . ak(1)

ak(N)
...

0
. . . ak(N)

⎞
⎟⎟⎟⎟⎟⎠ .

We stack the samples of the received data at each antenna
element in a JM×1 vector so that the coherently demodulated
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composite received signal of the antenna-array system is

r(i) =

⎛
⎜⎜⎝

r1(i)
r2(i)

...
rJ (i)

⎞
⎟⎟⎠ =

K∑
k=1

x̃k(i) + n(i) (4)

where x̃k(i) is a JM -dimensional vector and a stack of
vectors Akbk(i)p̃k,j(i) + ηj,k(i), j = 1, . . . , J , for user k;
n(i) = [nT

1 (i), . . . ,nT
J (i)]T ; and E[n(i)nH(i)] = σ2IJM ,

with IJM denoting a square identity matrix with dimension
JM , (.)H denoting Hermitian transpose, and E[.] standing
for the ensemble average. For the diversity configuration, we
space the antenna elements over ten times the wavelength, and
therefore, the channel coefficients between every two antenna
elements are assumed to be independent. In the beamforming
case, the spacing between antenna elements is half-wavelength,
and the following relation holds for the kth user channel
coefficients relevant to antenna elements j − 1 and j [18]:

hj,k,l(i) = hj−1,k,l(i)e−jφl (5)

where hj,k,l is the lth path channel coefficient of the jth antenna
element regarding user k, φl = π sin θl, and θl is the direction
of arrival (DOA) of the lth path.

For beamforming or diversity configuration, we can design a
JM × 1 feedforward filter for each user, which combines the
signals from different antennas. Specifically, regarding diver-
sity, to reduce the length of the feedforward filter, we can use
a group of M × 1 filters ωk,j , j = 1, . . . , J , which correspond
to different antennas to separately handle the received vectors,
instead of using a long filter [15], and then combine the output
signals from each filter by the maximum ratio combining or
equal-gain combining methods. The output signal is

zk(i) =
J∑

j=1

ck,jω
H
k,j(i)rj(i) (6)

where ck,j is the combining weight, and rj(i) is the M × 1
received data from antenna element j. In the succeeding parts,
we present the novel structure based on the long feedforward
filter structure for notation simplicity, even though we remark
that, for a diversity configuration, a designer can resort to the
approach previously outlined. In the Appendix, we analytically
study the beamforming and diversity configurations and draw
conclusions on their use.

III. SPACE-TIME MPF DF RECEIVER STRUCTURE

In this section, we present the principles and structures of the
proposed space-time MMSE DF detector with MPF branches
(MPF-DF) for interference cancellation. The proposed algo-
rithm employs different orders of cancellation to produce a
group of estimate candidates, and based on the Euclidean
distance, our approach selects the most likely estimate.

The space-time or multiantenna MPF-DF structure is shown
in Fig. 1. The proposed receiver employs B parallel branches of
successive interference cancellation (SIC) with different orders

of feedback for the kth user, where k = 1, . . . , K, with K
being the number of users. We equip the βth branch of the
kth user with a pair of feedforward and feedback filters, i.e.,
JM × 1 vector wβ,k(i) and JM × 1 vector fβ,k(i), where
β = 1, . . . , B. According to those branches, each user obtains
a group of different multiuser interference estimates, which are
respectively subtracted from the soft outputs of the feedforward
filters. The output of the βth branch for the kth user is

zβ,k(i) = wH
β,k(i)r(i) − fH

β,k(i)
[
TH

β b̂(i)
]

(7)

where the JM × 1 received vector r(i) is the input to a
nonlinear structure, and b̂(i) is the K × 1 feedback vector,
i.e., the tentative decision vector of the preceding iteration
at time i; in this paper, the DF receiver only employs one
iteration, and the value of the feedback vector is computed
by b̂(i) = sgn[�(WH

lin(i)r(i))], where Wlin is a JM × K
linear filtering matrix designed by the MMSE criterion, and
the operator (.)H denotes Hermitian transpose, �(.) selects
the real part, and sgn(.) is the signum function. Matrices Tβ

are permutated square identity IK matrices with dimension K,
whose structures for an B = 4-branch MPF-DF scheme are
given by

T1 = IK , T2 =
(

0K/4,3K/4 I3K/4

IK/4 0K/4,3K/4

)

T3 =
(

0K/2 IK/2

IK/2 0K/2

)
, T4 =

⎛
⎝ 0 . . . 1

...
. . .

...
1 . . . 0

⎞
⎠ (8)

where 0m,n denotes an m × n-dimensional matrix full of zeros,
and the structures of permutation matrices Tβ correspond
to phase shifts regarding the cancellation order of the users.
The purpose of the matrices in (8) is to change the order
of cancellation. Specifically, the preceding matrices per-
form the cancellation with the following order with respect
to user powers: T1 with indices 1, . . . , K; T2 with in-
dices K/4,K/4 + 1, . . . ,K, 1, . . . ,K/4 − 1; T3 with indices
K/2,K/2 + 1, . . . ,K, 1, . . . ,K/2 − 1; and T4 with K, . . . , 1
(reverse order). Quantity TH

β b̂(i) is the feedback vector cor-
responding to the βth branch. For more branches, additional
phase shifts are applied with respect to user cancellation order-
ing. Note that different update orders were tested, although they
did not result in performance improvement.

The feedback filter fβ,k(i) controls the permutated feed-
back vector TH

β b̂(i). The structure of the feedback filter is
given by fβ,k(i) = [fβ,k,1(i), fβ,k,2(i), . . . , fβ,k,K(i)]T , where
elements fβ,k,γ(i) = 0 (when k ≤ γ ≤ K, γ = 1, . . . ,K), and
operator (.)T denotes transpose. The nonzero elements of the
filter fβ,k(i) correspond to the number of used feedback con-
nections and the users to be canceled.

The number of parallel branches B that yield detection
candidates is a parameter that must be chosen by the designer.
The number of candidates of the optimal ordering algorithm is
B = K! and is clearly very complex for practical systems. The
goal of the proposed scheme is to improve performance using
parallel searches and to select the most likely symbol estimate.
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Fig. 1. Proposed multiantenna MPF-DF receiver structure.

The final output b̂
(f)
k (i) for the kth user of the space-time

MPF-DF detector chooses the best estimate of the B candidates
based on the criterion of the Euclidean distance for each symbol
interval i, as described by

βopt,k = arg min
β∈{1,...,B}

eβ,k(i) (9)

b̂
(f)
k (i) = sgn

[
�

(
zβopt,k

(i)
)]

(10)

where eβ,k(i) = |bk(i) − zβ,k(i)|, and b̂
(f)
k (i) forms the vector

of final decisions b̂(f)
k (i) = [b̂(f)

1 (i), . . . , b̂(f)
K (i)]T . Our studies

indicate that the B = 4 near-optimal user-ordering algorithm
achieves most of the gains of the proposed structure and offers
a good tradeoff between performance and complexity.

IV. MULTISTAGE SPACE-TIME MPF-DF DETECTION

In this section, the proposed receiver structure is considered
in conjunction with cascaded DF stages [9], [10], which are
of great interest for uplink scenarios due to the capability of
providing uniform performance over the users.

In [9], Woodward et al. presented a multistage detector with
an S-DF in the first stage and P-DF or S-DF structures, with

the users being demodulated in reverse order in the second
stage. First, let us describe the multistage receiver with only the
S-DF or the P-DF detector; for the first stage m = 1, we have
the output defined by

b̂(m−1)(i) = sgn
[
�

(
WH

lin(i)r(i)
)]

(11)

z(m)(i) =W(m)H
(i)r(i) − F(m)H

(i)b̂(m−1)(i). (12)

For stages m ≥ 2, we obtain

b̂(m−1)(i) = sgn
[
�

(
z(m−1)(i)

)]
(13)

z(m)(i) =
[
W(m)(i)M

]H

r(i) −
[
MF(m)(i)

]H

b̂(m−1)(i)

(14)

where the number of stages m depends on the application. More
stages can be added; the order of the users is reversed from
stage to stage; the JM × K filtering matrix W(m) is given by
W(m)(i) = [w(m)

1 (i), . . . ,w(m)
K (i)]; the K × K matrix F(m)

is given by F(m)(i) = [f (m)
1 (i), . . . , f (m)

K (i)], where w(m)
k (i)

and f (m)
k (i) are the JM × 1 and K × 1 filtering vectors cor-

responding to the kth user k = 1, . . . ,K; b̂(m−1)(i) is the



CAI AND DE LAMARE: SPACE-TIME MMSE MULTIUSER DF DETECTOR WITH INTERFERENCE CANCELLATION 4133

Fig. 2. Two-stage DF receiver with space-time MPF-DF scheme in the first stage.

K × 1 vector of the (m − 1)th stage tentative decisions; and
M is a K × K square permutation matrix with ones along
the reverse diagonal and zeros elsewhere [similar to T4 in
(8)]. The K × 1 decision vector of the mth stage z(m)(i) =
[z(m)

1 (i), . . . , z(m)
K (i)]T .

Let us now focus on the proposed algorithm and combine
the space-time MPF-DF structure with multistage detection. To
equalize the performance over the user population, we consider
a two-stage structure, i.e., m = 2, as shown in Fig. 2. The first
stage is an MPF-DF scheme. To evaluate the performance of
the proposed multistage schemes, an S-DF and an MPF-DF are
considered in the second stage. The multistage receiver system
is denoted as IMPFS-DF when an S-DF is employed in the
second stage. The output of the second stage of the IMPFS-
DF scheme is shown in (14). Note that feedback vector b̂(1)(i)
is the output of an MPF-DF receiver, which is introduced in
Section III. The proposed multistage scheme is denoted as
IMPFMPF-DF and corresponds to an MPF-DF architecture
employed in both stages. The jth component of the soft output
vector z(2)

β (i) corresponding to the βth branch of its second
stage is

z
(2)
β,j(i) =

[
W(2)

β (i)M
]H

j
r(i) −

[
TβF(2)

β (i)
]H

j
b̂(1)(i) (15)

where [.]j denotes the jth column of the argument (a
matrix), and the second-stage MPF-DF filtering matrices
corresponding to the βth branch are given by W(2)

β (i) =

[w(2)
β,1(i), . . . ,w

(2)
β,K(i)] and F(2)

β (i) = [f (2)
β,1(i), . . . , f

(2)
β,K(i)],

where w(2)
β,k(i) and f (2)

β,k(i) are the JM × 1 and K × 1 fil-
tering vectors corresponding to the βth branch of the kth
(k = 1, . . . , K) user. The final decision is

βopt,j = arg min
β∈{1,...,B}

e
(2)
β,j(i) (16)

b̂
(2)
j (i) = sgn

[
�

(
z
(2)
βopt,j

(i)
)]

(17)

where e
(2)
β,j(i) = |bk(i) − z

(2)
β,j(i)|. The role of reversing the

cancellation order in successive stages is to equalize the per-
formance of the users over the population or at least reduce the
performance disparities.

V. MMSE DESIGN OF THE PROPOSED

SPACE-TIME ESTIMATORS

Let us describe in this section the design of the proposed
space-time MMSE DF detectors. A general case where each
branch has a pair of feedforward and feedback filters is con-

sidered. First, let us consider the cost function for branch β of
user k, i.e.,

JMSE =E

[∣∣∣bk(i) − wH
β,k(i)r(i) + fH

β,k(i)b̂β(i)
∣∣∣2]

=σ2
b − wH

β,k(i)pk − pH
k wβ,k(i) + wH

β,k(i)Rwβ,k(i)

+ fH
β,k(i)E

[
b̂β(i)b̂H

β (i)
]
fβ,k(i)

− wH
β,k(i)Bfβ,k(i) − fH

β,k(i)BHwβ,k(i) (18)

where b̂β(i) = TH
β b̂(i) is the feedback vector of branch β;

Tβ is the permutation matrix, which is used to change the
order of cancellation; and wβ,k(i) and fβ,k(i) have been de-
scribed in Section III. The associated covariance matrices are
R = E[r(i)rH(i)] = PPH + σ2I, σ2

b = E[|bk(i)|2], and B =
E[r(i)b̂H

β (i)]. Here, we define the matrices of effective spread-
ing sequences P = [p1, . . . ,pK ], pk = [p̃T

k,1, . . . , p̃
T
k,J ]T , and

p̃k,j = Ckhj,k(i), which is the M × 1 effective spreading
sequence of user k (k = 1, . . . , K) regarding the jth (j =
1, . . . , J) antenna. To minimize the cost function in (18), we
first take the gradient with respect to filter wβ,k(i) and fβ,k(i),
which yields

� Jw∗
β,k

(i) = Rwβ,k(i) − pk − Bfβ,k(i) (19)

� Jf∗
β,k

(i) =
(
E

[
b̂β(i)b̂H

β (i)
])

fβ,k(i) − BHwβ,k(i). (20)

Thus, the solution can be obtained by setting the gradient terms
equal to zero, i.e.,

wβ,k(i) =R−1 (pk + Bfβ,k(i)) (21)

fβ,k(i) =
(
E

[
b̂β(i)b̂H

β (i)
])−1

BHwβ,k(i)

≈BHwβ,k(i). (22)

If we assume imperfect feedback, then E[b̂β(i)b̂H
β (i)] =

E[TH
β b̂(i)b̂H(i)Tβ ] ≈ IK for small error rates. The complex-

ities of (21) and (22) are O((JM)3) and O(K3) due to the
matrix inversion.

In the Appendix, we mathematically study the associated
MMSE for the general space-time DF receivers (S-DF and
P-DF with antenna arrays) and the proposed space-time MPF-
DF scheme with imperfect and perfect feedback.

VI. ADAPTIVE ESTIMATION ALGORITHMS

In this section, we present modified SG and RLS algorithms
to estimate the feedforward and feedback filters of the pro-
posed multiantenna MPF-DF receiver using MMSE criteria. To
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reduce the complexity, we consider employing one-feedforward
and one-feedback adaptive filters for all B branches, instead of
multiple-feedforward and multiple-feedback filters. Note that
multiple filters have been considered in our studies; however,
they did not yield better results than the single-filter approach
adopted here. We show these results in the simulation section.
In the proposed algorithms, for each iteration, we select the
optimum branch based on all the feedback results and adapt
the filters using the branch of data with the lowest metric.

A. SG Algorithm

Let us first discuss SG algorithms and then consider the cost
function based on the mean squared error (MSE) criterion

JMSE = E

[∣∣∣bk(i) − wH
k (i)r(i) + [Tβfk(i)]H b̂(i)

∣∣∣2] (23)

where Tβ are the permutation matrices, which are employed
to change the cancellation order of the users. For each itera-
tion, we select the most likely branch before adapting wk(i)
and fk(i)

βopt,k = arg min
β∈{1,...,B}

eβ,k(i) (24)

eβ,k(i) = |bk(i) − zβ,k(i)| . (25)

The best branch βopt,k is selected to minimize the Euclidean

distance. The final output b̂(f)
k (i) chooses the best estimate

from the B candidates for each symbol interval i. The SG
solution to (23) can be devised by using instantaneous estimates
and taking the gradient terms with respect to w∗

k(i) and fk(i)∗,
which should adaptively minimize JMSE. Using the selected
branch βopt,k, we obtain the expressions of the SG as

�Jw∗
k
(i) = −

(
b∗k(i) − rH(i)wk(i)

+ b̂H(i)Tβopt,k
fk(i)

)
r(i) (26)

�Jf∗
k
(i) =

(
b∗k(i) − rH(i)wk(i)

+ b̂H(i)Tβopt,k
fk(i)

)
TH

βopt,k
b̂(i). (27)

According to the SG or LMS filter theory in [17], we have the
following update equations:

wk(i + 1) =wk(i) − μw � Jw∗
k
(i) (28)

fk(i + 1) = fk(i) − μf � Jf∗
k
(i) (29)

where μw and μf are the values of the step size. Substituting
(26) and (27) into (28) and (29), respectively, we arrive at the
update equations for the estimation of wk(i) and fk(i) based on
the SG algorithms

wk(i + 1) =wk(i) + μwε∗(i)r(i) (30)

fk(i + 1) = fk(i) − μf ε
∗(i)TH

βopt,k
b̂(i) (31)

where ε(i) = bk(i) − (wH
k (i)r(i) − fH

k (i)TH
βopt,k

b̂(i)). The
steps of the algorithm are summarized in Table I. Due to the
fact that most elements of the permutation matrices are zeros,
our SG algorithm can be implemented with linear complexity.

TABLE I
PROPOSED ADAPTIVE ESTIMATION ALGORITHM: SG

It is worth noting that, for stability and to facilitate tuning of
parameters, it is useful to employ normalized step sizes when
operating in a changing environment. The normalized version
of this algorithm is described by μ′

w = μw/(rH(i)r(i)) and
μ′
f = μf/(b̂H(i)Tβopt,k

TH
βopt,k

b̂(i)).

B. RLS Algorithm

Let us consider the RLS algorithm for feedforward and feed-
back filters. According to the RLS theory in [17], we express
the cost function to be minimized as ξ(i), where i is the length
of the observable data. In addition, it is customary to introduce
a forgetting factor λ into the definition of cost function ξ(i).
We thus write

ξ(i) =
i∑

n=1

λi−n
∣∣∣bk(n) − wH

k (i)r(n) + [Tβfk(i)]H b̂(n)
∣∣∣2 .

(32)

For each iteration, we select the most likely branch correspond-
ing to the minimum Euclidean distance

βopt,k = arg min
β∈{1,...,B}

eβ,k(i) (33)

eβ,k(i) = |bk(i) − zβ,k(i)| . (34)

The RLS solution to (32) can be obtained by taking the gradient
of (32) with respect to w∗

k(i). Using the selected branch βopt,k

yields

�ξw∗
k
(i) = −

i∑
n=1

λi−n
w r(n)bk(n) +

i∑
n=1

λi−n
w r(n)rH(n)wk(i)

−
i∑

n=1

λi−n
w r(n)b̂H(n)Tβopt,k

fk(i). (35)

Let us further define

ak(i) = −
i∑

n=1

λi−n
w r(n)bk(n) (36)

R(i) =
i∑

n=1

λi−n
w r(n)rH(n) (37)

Bk(i) =
i∑

n=1

λi−n
w r(n)b̂H(n)Tβopt,k

. (38)

Then, by setting �ξw∗
k
(i) = 0, we obtain

wk(i) = R−1(i) [Bk(i)fk(i) + ak(i)] . (39)
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Because R(i) = λwR(i − 1) + r(i)rH(i) and based on the
matrix inversion lemma in [17], the update equation for R−1(i)
is given by

R−1(i) = λ−1
w R−1(i − 1) − λ−1

w q1(i)rH(i)R−1(i − 1)
(40)

where q1(i) = u1(i)/(λw + rH(i)u1(i)), and u1(i) =
R−1(i − 1)r(i). We also have the following two equations:

ak(i) =λwak(i − 1) + r(i)bk(i) (41)

Bk(i) =λwBk(i − 1) + r(i)b̂H(i)Tβopt,k
. (42)

By combining (39)–(42), we obtain the RLS algorithm to
update feedforward filter wk(i).

Following a similar approach to take the gradient of (32) with
respect to f ∗k(i) yields

� ξf∗
k
(i) =

i∑
n=1

λi−n
f TH

βopt,k
b̂(n)bk(n)

−
i∑

n=1

λi−n
f TH

βopt,k
b̂(n)rH(n)wk(i)

+
i∑

n=1

λi−n
f TH

βopt,k
b̂(n)b̂H(n)Tβopt,k

fk(i). (43)

Let us define

ck(i) =
i∑

n=1

λi−n
f TH

βopt,k
b̂(n)bk(n) (44)

Dk(i) =
i∑

n=1

λi−n
f TH

βopt,k
b̂(n)rH(n) (45)

Sk(i) =
i∑

n=1

λi−n
f TH

βopt,k
b̂(n)b̂H(n)Tβopt,k

. (46)

By setting �ξf∗
k
(i) = 0, we have

fk(i) = S−1
k (i) [Dk(i)wk(i) − ck(i)] (47)

as well as the following equations:

ck(i) = λfck(i − 1) + TH
βopt,k

b̂(i)bk(i) (48)

Dk(i) = λfDk(i − 1) + TH
βopt,k

b̂(i)rH(i). (49)

Since Sk(i) = λfSk(i − 1) + TH
βopt,k

b̂(i)b̂H(i)Tβopt,k
and

by using the matrix inversion lemma [17], we obtain the update
equation for S−1

k (i), which is given by

S−1
k (i) = λ−1

f S−1
k (i − 1) − λ−1

f q2(i)b̂H(i)Tβopt,k
S−1

k (i − 1)
(50)

where q2(i) = u2(i)/(λf + b̂H(i)Tβopt,k
u2(i)), and u2(i) =

S−1
k (i − 1)TH

βopt,k
b̂(i). By combining (47)–(50), we obtain the

RLS algorithm for the feedback filter fk(i). The steps of the
RLS algorithms are summarized in Table II.

TABLE II
PROPOSED ADAPTIVE ESTIMATION ALGORITHM: RLS

The superior performance of the RLS algorithm compared
with that of the SG algorithm is attained at the expense of a
large increase in computational complexity. The complexity is
evaluated by the number of multiplications. The RLS algorithm
requires a total of O((JM)2) + O(K2) multiplications, which
increase as the square of JM and K, where J is the number
of antenna elements, M is the gain of the effective spreading
sequence, and K is the number of users. On the other hand,
the SG algorithm requires O(JM) + O(K) multiplications,
linearly increasing with JM and K. Note, however, that the
operations required to compute R−1(i) are common to all K
users and can be used for saving computations.

VII. SIMULATION

In this section, we evaluate the performance of the novel
space-time MPF-DF schemes and compare them with other ex-
isting structures. We adopt a simulation approach and conduct
several experiments to verify the effectiveness of the proposed
techniques. We carried out simulations to assess the bit error
rate (BER) performance of the DF receivers for different loads,
channel fading rates, number of antenna elements, and signal-
to-noise ratios. The users in the system are assumed to have
a power distribution given by lognormal random variables
with an associated standard deviation of 0.5. Our simulation
results are based on an uncoded system, and the receivers have
access to pilot channels for estimating the filters. We calculate
the average BER by taking the average performance over the
users. All channels have a profile with three paths, whose
powers are p0 = 0 dB, p1 = −7 dB, and p2 = −10 dB, which
are normalized. The sequence of channel coefficients hl(i) =
plψl(i) (l = 0, 1, 2), where ψl(i) is computed according to
Jakes’ model. We optimized the parameters of the normalized-
step-size SG algorithms with step sizes μw = 0.1 and μf = 0.1
and those of the RLS algorithms with forgetting factors λw =
0.998 and λf = 0.998. We consider packets with 1000 symbols.
The DOAs are uniformly distributed in (0, 2π). The receiver
structure (linear or DF), type of DF scheme, and multiantenna
configurations are indicated as follows:

1) S-DF: the S-DF detector in [12] and [13];
2) P-DF: the P-DF detector in [9];
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Fig. 3. Four adaptive schemes for the MPF-DF structure.

3) MPF-DF: the proposed MPF branch DF detector;
4) ISS-DF: the iterative system of Woodward et al. [9] with

S-DF in the first and second stages;
5) IMPFS-DF: the proposed iterative detector with the novel

MPF-DF in the first stage and the S-DF in the second
stage;

6) IMPFMPF-DF: the proposed iterative receiver with the
MPF-DF in the first and second stages;

7) (D): antenna-array system using the diversity
configuration;

8) (B): antenna-array system using the beamforming
configuration.

Initially, we study the performance of four different adaptive
structures of the proposed MPF-DF, i.e., the multiple-
feedforward–multiple-feedback, the multiple-feedforward–
single-feedback, the single-feedforward–multiple-feedback,
and the single-feedforward–single-feedback structure. Fig. 3
shows the performance of the averaged BER versus the
number of users over the four different adaptive schemes in
the uplink DS-CDMA system with N = 15 Gold sequences.
We can see that the single-feedforward and single-feedback
adaptive receiver is the best choice since it can support
more users than the other structures and has the lowest
complexity. In our studies, this was verified for a wide range of
scenarios.

In the second experiment, we study the impact of the number
of branches on the MPF-DF performance. The DS-CDMA
system employs Gold sequences with N = 15 as the spreading
codes. The normalized-step-size SG algorithms are employed
to update feedforward and feedback filters. We designed the
novel DF receivers with B = 2, 4, and 8 parallel branches and
compared their BER performance versus the number of sym-
bols with the existing S-DF and P-DF structures, as shown
in Fig. 4. The results show that the low-complexity ordering
algorithm achieves a performance close to that of the optimal
ordering while keeping the complexity reasonably low for
practical utilization. Furthermore, the performance of the new
MPF-DF scheme with B = 2, 4, and 8 outperforms the S-DF

Fig. 4. BER performance versus the number of symbols for normalized
SG algorithms, N = 15, K = 6 users, fdT = 5 × 10−5, and one-antenna
configuration.

Fig. 5. BER performance versus the number of antennas for normalized SG
algorithms, N = 15, K = 6 users, and fdT = 1 × 10−3.

and the P-DF detector. It can be noted from the curves that the
performance of the new MPF-DF improves as the number of
parallel branches increases. In this regard, we also notice that
the gains of performance obtained through additional branches
decrease as B is increased. Thus, we adopt B = 4 for the
remaining experiments, because it presents a very attractive
tradeoff between performance and complexity. The fading rate
is (fdT = 5 × 10−5) in this experiment.

We compare the beamforming and diversity configurations
in Fig. 5 with the considered receiver structures. We can
see that the performance of those two multiantenna config-
urations improves as we increase the number of antennas,
and beamforming outperforms diversity. Note that the gain
of performance obtained decreases as the number of antenna
elements increases. It is better to use two antennas for this array
system due to a reasonable tradeoff between performance and
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Fig. 6. BER performance versus channel fading rate for normalized SG
algorithms, N = 15, K = 8 users, and two antennas for both diversity and
beamforming configurations.

Fig. 7. BER performance versus (a) the averaged SNR and (b) the number
of users K. Normalized SG algorithms, with N = 15, fdT = 5 × 10−5, and
two antennas for beamforming configurations.

complexity. This experiment is based on a channel with fading
rate fdT = 1 × 10−3.

In Fig. 6, we illustrate the performance of the following
algorithms as the fading rate of the channel varies: linear, P-DF,
MPF-DF combining diversity, and beamforming configura-
tions. First, we can see that, as the fading rate increases, the
performance gets worse, and our proposed space-time MPF-DF
receivers outperform the existing schemes. Moreover, we ob-
serve that beamforming is better than diversity. Second, Fig. 6
shows the ability of the novel adaptive MPF-DF to deal with er-
ror propagation and channel uncertainties. The novel MPF-DF
structure using beamforming performs best. The experiments
of Figs. 5 and 6 employ Gold sequences with N = 15 as the
spreading codes.

The next scenario, as shown in Fig. 7, considers the compar-
ison in terms of the BER of the proposed DF structures, i.e.,

Fig. 8. BER performance versus (a) the average SNR and (b) the number of
users K. RLS algorithms, with N = 16, fdT = 5 × 10−5, and two antennas
(Nant = 2) for beamforming configurations.

the MPF-DF and MPF-DF combining beamforming technique
with existing detectors for uncoded systems. Here, we use Gold
sequences with N = 15 as spreading codes, and the normalized
SG algorithms are employed to update the feedforward and
feedback filters. In particular, we show the averaged BER
performance curves versus the averaged SNR and number of
users K for the analyzed receivers. The results in Fig. 7 indicate
that the best performance is achieved with the novel MPF-DF
with beamforming technique, followed by the P-DF receiver
with beamforming, the linear with beamforming, the MPF-DF,
the P-DF, and the linear receiver with a single antenna. Specif-
ically, the MPF-DF with beamforming receiver can save up to
2 dB and support up to three more users, in comparison with
the P-DF with beamforming for the same performance. It can
substantially increase the system capacity. In this experiment,
channel fading rate fdT is equal to 5 × 10−5.

The results for a system with N = 16 are shown in Fig. 8.
The system employs RLS algorithms to estimate the values of
feedforward and feedback filters; we use random sequences
as the spreading codes. In particular, the same BER perfor-
mance hierarchy is observed for the detection schemes, i.e., the
MPF-DF, MPF-DF with beamforming, P-DF, P-DF with beam-
forming, linear receiver, and linear receiver with beamforming
schemes. Comparing the curves obtained with the normalized
SG algorithms in Fig. 7, we notice that the detection schemes
with RLS algorithms outperform those with normalized SG
algorithms and that there are also some additional gains in
the performance for the proposed schemes over the existing
techniques. Specifically, the MPF-DF detector can save up to
8 dB and support up to ten additional users, in comparison
with the P-DF for the same BER performance based on RLS
algorithms. Regarding the two-antenna combined beamforming
configurations, the MPF-DF with beamforming scheme can
save up to 5 dB and support up to six users, in comparison with
the P-DF with beamforming for the same BER performance
based on RLS algorithms. In the experiment, the channel fading
rate is fdT = 5 × 10−5.

The last scenario, as shown in Fig. 9, considers the experi-
ments of our proposed space-time MPF-DF receiver structure
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Fig. 9. BER performance versus (a) the average SNR and (b) the number of
users K. RLS algorithms, with N = 32, fdT = 5 × 10−5, and two antennas
(Nant = 2) for diversity and beamforming configurations.

equipped with two-antenna diversity and beamforming con-
figurations combined with iterative cascaded DF stages. We
compare the performance in terms of the BER of the proposed
DF structures, i.e., MPF-DF, IMPFS-DF, and IMPFMPF-DF
employing diversity and beamforming techniques with existing
iterative and conventional DF for uncoded systems. In particu-
lar, we show the BER performance curves versus the averaged
SNR and number of users K for the analyzed receivers. The
systems use N = 32 random sequences as the spreading codes,
and we employ the RLS algorithms to estimate the values of
the feedforward and feedback filters for the first and second
stages. The channel fading rate is fdT = 5 × 10−5. The results
shown in Fig. 9 indicate that the best performance is achieved
with the novel IMPFMPF-DF with beamforming, followed by
the new IMPFMPF-DF with diversity, the IMPFS-DF with
beamforming, the MPF-DF with beamforming, the IMPFS-
DF with diversity, the MPF-DF with diversity, the existing
ISS-DF with beamforming, the S-DF with beamforming, the
ISS-DF with diversity, and the S-DF with diversity. Specifically,
the IMPFMPF-DF detector with beamforming can save up
to more than 10 dB and support up to 20 more users, in
comparison with the existing ISS-DF with beamforming for
the same BER performance. The IMPFS-DF with beamforming
scheme can save up to 8 dB and support up to 16 more users,
in comparison with the ISS-DF with beamforming scheme for
the same BER performance. Moreover, the performance advan-
tages of the IMPFMPF-DF and IMPFS-DF using diversity and
beamforming techniques are substantially superior to the other
existing approaches.

VIII. CONCLUSION

In this paper, we have discussed the low-complexity near-
optimal ordering algorithms and compared the results of diver-
sity and beamforming configurations for array systems. A novel
MPF-DF receiver with diversity and beamforming techniques
for DS-CDMA systems and two adaptive algorithms have been
proposed. The proposed schemes have also been combined with
the iterative cascaded DF stages. It has been shown that the new
detection schemes significantly outperform existing DF and
linear receivers, support systems with higher loads, and mitigate
the phenomenon of error propagation. It is worth noting that
our proposed algorithms can also be extended to take into
account coded systems, MC-CDMA systems, and other types
of communications systems.

APPENDIX A
ANALYSIS OF BEAMFORMING AND DIVERSITY

CONFIGURATIONS

In this section, we study the beamforming and diversity
configurations and analyze the advantages and disadvantages of
each configuration. In particular, we focus our analysis on linear
detectors for simplicity and resort to the SINR. It should be
remarked that this analysis can be extended to other detectors,
and the main results have been verified by simulations.

In Section II, we introduced the system model and gave the
received vector in (4). Here, let us recall the stacking effective
spreading code for the kth user, which is given by

pk =
[
p̃T

k,1, p̃
T
k,2, . . . , p̃

T
k,J

]T

=
[
(Ckh1,k)T , (Ckh2,k)T , . . . , (CkhJ,k)T

]T
. (51)

For linear detectors with antenna arrays, the SINR of the desired
user k0 is computed as the ratio between the desired symbol
energy and the energy of the interference plus noise

SINR(k0)

=
E

[
wHpk0bk0(i)b

∗
k0

(i)pH
k0

w
]

E
[
wH

(∑K
k �=k0

pkbk(i)b∗k(i)pH
k + n(i)nH(i)

)
w

]

=
wHpk0p

H
k0

w

wH
(∑K

k �=k0
pkpH

k + σ2I
)
w

(52)

where filtering vector w is the linear detector, e.g., the MMSE
detector w = (

∑K
k=1 pkpH

k + σ2I)−1pk0 or the Rake detector
w = pk0 . The matrices pkpH

k in (52) for each k is developed
as (53), shown at the bottom of the page, where k = 1, . . . ,K.

pkpH
k =

⎛
⎜⎜⎜⎝

Ckh1,khH
1,kC

H
k Ckh1,khxH

2,kC
H
k . . . Ckh1,khH

J,kC
H
k

Ckh2,khH
1,kC

H
k Ckh2,khH

2,kC
H
k . . . Ckh2,khH

J,kC
H
k

...
...

. . .
...

CkhJ,khH
1,kC

H
k CkhJ,khH

2,kC
H
k . . . CkhJ,khH

J,kC
H
k

⎞
⎟⎟⎟⎠ (53)
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Fig. 10. Linear MMSE detector combing beamforming and diversity.

In the case of beamforming, the channel vector correspond-
ing to the βth antenna is given by

hβ,k =

⎛
⎜⎜⎝

hβ,k,1

hβ,k,2

...
hβ,k,Lp

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

h1,k,1e
−jφ1(β−1)

h1,k,2e
−jφ2(β−1)

...
h1,k,Lp

e−jφLp (β−1)

⎞
⎟⎟⎠ (54)

where β = 1, . . . , J , and phase φl corresponds to the lth
(l = 1, . . . , Lp) path of the kth user, which was introduced
in Section II. The quantity hβ,khH

γ,k in (53) is given by (55),
shown at the bottom of the page, where γ = 1, . . . , J ; we can
see the SINR of the beamforming case is a function of the
DOAs and the fading gains.

For diversity, the channel vector of the βth antenna is hβ,k =
[αβ,k,1, αβ,k,2, . . . , αβ,k,Lp

]T , where the channel coefficients
are uncorrelated. Thus, quantity hβ,khH

γ,k is given by⎛
⎜⎜⎜⎝

αβ,k,1α
∗
γ,k,1 αβ,k,1α

∗
γ,k,2 . . . αβ,k,1α

∗
γ,k,Lp

αβ,k,2α
∗
γ,k,1 α∗

β,k,2αx∗
γ,k,2 . . . αβ,k,2α

∗
γ,k,Lp

...
...

. . .
...

αβ,k,Lp
α∗

γ,k,1 αβ,k,Lp
α∗

γ,k,2 . . . αβ,k,Lp
α∗

γ,k,Lp

⎞
⎟⎟⎟⎠
(56)

where the SINR of the diversity case is a function of the
uncorrelated fading gains.

Fig. 10 shows that the SINR varies with the channel fading
rate fdT over the linear MMSE detector combining beamform-
ing and diversity. We can see that, for the single-user case,
the curves of these two configurations are very close, and the

diversity configuration has a slightly better performance for
higher fading rates. For the multiuser scenario, the beamform-
ing outperforms the diversity, and the curves get close as the
fading rate increases.

The beamforming technique spatially separates signals, be-
cause the information from different antenna elements is
combined in such a way that the expected pattern of radiation is
preferentially observed. Spatial diversity is an effective method
for combating fading. Based on the discussion before, we can
see that the detector combining beamforming will perform
best in the case of a high number of users and slow fading
environments. In situations with low number of users and severe
fading environments, diversity combining should be employed.
Note that diversity can be combined with beamforming to
achieve better performance; in this case, each of the diversity
branches consists of a number of beamforming elements [18].

APPENDIX B
ON THE MMSE WITH PERFECT AND IMPERFECT

FEEDBACK FOR THE PROPOSED SPACE-TIME

MPF-DF DETECTORS

The proposed space-time MPF-DF employs multiple
branches in parallel and chooses the best estimate among these
parallel branches. First, let us consider the imperfect-feedback
case. As we discussed in Section V, the feedforward and
feedback filters for branch β of user k are

wβ,k =R−1(pk + Bfβ,k) (57)

fβ,k =
(
E

[
b̂βb̂H

β

])−1

BHwβ,k ≈ BHwβ,k. (58)

Substituting (57) and (58) into (18), we obtain the associated
MMSE corresponding to branch β, i.e.,

JMMSE,β ≈σ2
b − (pk + Bfβ,k)HR−1pk

− pH
k R−1(pk + Bfβ,k)

+ (pk + Bfβ,k)HR−1(pk + Bfβ,k)
− (pk + Bfβ,k)HRHBfβ,k

≈σ2
b − pH

k R−1pk − pH
k R−1Bfβ,k (59)

where β = 1, 2, . . . , B, with B being the number of branches.
Therefore, the MMSE of the proposed MPF-DF for user k is
approximately given by

J ′
MMSE ≈ min

{β∈1,...,B}

(
σ2

b − pH
k R−1pk − pH

k R−1Bfβ,k

)
.

(60)

Regarding the case of perfect feedback, let us divide the users
into two sets, similarly to [9], i.e.,

D = {j : b̂j is fed back} (61)
U = {j : j /∈ D} (62)

⎛
⎜⎜⎜⎜⎝

|h1,k,1|2ejφ1(γ−β) h1,k,1h
∗
1,k,2e

j[φ2(γ−1)−φ1(β−1)] . . . h1,k,1h
∗
1,k,Lp

ej[φLp (γ−1)−φ1(β−1)]

h1,k,2h
∗
1,k,1e

j[φ1(γ−1)−φ2(β−1)] |h1,k,2|2ejφ2(γ−β) . . . h1,k,2h
∗
1,k,Lp

ej[φLp (γ−1)−φ2(β−1)]

...
...

. . .
...

h1,k,Lp
h∗

1,k,1e
j[φ1(γ−1)−φLp (β−1)] h1,k,Lp

h∗
1,k,2e

j[φ2(γ−1)−φLp (β−1)] . . . |h1,k,Lp
|2ejφLp (γ−β)

⎞
⎟⎟⎟⎟⎠ (55)
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where the two sets D and U correspond to detected and
undetected users, respectively. Here, we define matrices PD =
[p1, . . . ,pD] and PU = [p1, . . . ,pU ], and RU = PUPH

U +
σ2I = R − PDPH

D . Covariance matrices RD and RU change
with different branches. Let us consider the perfect-feedback
case, i.e., b̂β(i) = bβ(i). Note that the DF receivers based on
the imperfect feedback depend on matrix B = E[r(i)b̂H

β (i)],
which, under perfect feedback, is equal to PDβ

. Following
the same approach, we have the feedforward and feedback
filters as

wβ,k =R−1
Uβ

pk (63)

fβ,k =PH
Dβ

wβ,k. (64)

Substituting (63) and (64) into (18), we obtain the associated
MMSE corresponding to branch β

JMMSE,β = σ2
b − pH

k R−1
Uβ

pk (65)

where covariance matrix RUβ
corresponds to the set of un-

detected users and changes with different branches. Similarly,
we obtain the MMSE for MPF-DF detectors in the perfect-
feedback case

J ′
MMSE ≈ min

{β∈1,...,B}

(
σ2

b − pH
k R−1

Uβ
pk

)
. (66)

APPENDIX C
ON THE MMSE WITH PERFECT AND IMPERFECT

FEEDBACK FOR S-DF AND P-DF WITH ANTENNA ARRAYS

The conventional S-DF detector with antenna arrays can be
treated as a special case of the proposed space-time MPF-
DF detector (with B = 1). We have quite similar equations of
the feedforward and feedback filters, as we discussed before;
here, we focus on the perfect-feedback case for simplicity. The
MMSE of the multiantenna S-DF detector is

JMMSE = σ2
b − pH

k R−1
U pk (67)

where pk is a stack of the effective spreading sequence regard-
ing different antennas.

Specifically, for the P-DF detector with antenna arrays,
we have

D = {1, . . . , k − 1, k + 1, . . . ,K} U = {k} (68)

since D is a single cell; therefore, the MMSE associated with
the space-time P-DF can be simplified by substituting RU =
pkpH

k + σ2I into (67), which yields

JMMSE = σ2
b − pH

k

(
pkpH

k + σ2I
)−1

pk. (69)
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