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Abstract

Danaee, Alireza; de Lamare, Rodrigo C. (Advisor); Nascimento,
Vitor H. (Co-Advisor). Signal Processing Algorithms for
Energy-Efficient Distributed Learning. Rio de Janeiro, 2022.
113p. PhD Dissertation — Departament of Electrical Engineering,
Pontificia Universidade Catolica do Rio de Janeiro.

Internet of Things (IoT) networks include smart devices that contain
many sensors that allow them to interact with the physical world, collecting
and processing streaming data in real time. The total energy-consumption
and cost of these sensors affect the energy-consumption and the cost of IoT
devices. The type of sensor determines the accuracy of the analog interface
and the resolution of the analog-to-digital converters (ADCs). The ADC
resolution requirement has a trade-off between sensing performance and
energy consumption since the energy consumption of ADCs strongly depends
on the number of bits used to represent digital samples.

In this thesis, we present an energy-efficient distributed learning framework
using coarsely quantized signals for IoT networks. In particular, we develop
a distributed quantization-aware least-mean square (DQA-LMS) and a dis-
tributed quantization-aware recursive least-squares (DQA-RLS) algorithms
that can learn parameters in an energy-efficient fashion using signals quanti-
zed with few bits while requiring a low computational cost. Moreover, we
develop a bias compensation strategy to further improve the performance
of the proposed algorithms. We then carry out a statistical analysis of the
proposed algorithms along with a computational complexity evaluation of the
proposed and existing techniques. Numerical results assess the distributed
quantization-aware algorithms against existing techniques for distributed
parameter estimation where [oT devices operate in a peer-to-peer mode.

We also introduce an energy-efficient federated learning framework using
coarsely quantized signals for IoT networks, where IoT devices exchange
their estimates with a server. We then develop the quantization-aware
federated averaging LMS (QA-Fed Avg-LMS) algorithm to perform parameter
estimation at the clients and servers. Furthermore, we devise a bias
compensation strategy for QA-FedAvg-LMS, carry out its statistical analysis,

and assess its performance against existing techniques with numerical results.

Keywords
adaptive algorithms coarse quantization distributed learning federa-

ted learning energy-efficient signal processing



Resumo

Danaee, Alireza; de Lamare, Rodrigo C.; Nascimento, Vitor H..
Técnicas de Processamento de Sinais para Aprendizagem
Distribuida com Eficiéncia Energética. Rio de Janeiro, 2022.
113p. Tese de Doutorado — Departamento de Engenharia Elétrica,
Pontificia Universidade Catolica do Rio de Janeiro.

As redes da Internet das Coisas (IdC) incluem dispositivos inteligentes
que contém muitos sensores que permitem interagir com o mundo fisico,
coletando e processando dados de streaming em tempo real. O consumo
total de energia e o custo desses sensores afetam o consumo de energia
e o custo dos dispositivos IdC. O tipo de sensor determina a precisao da
interface analdgica e a resolugao dos conversores analdgico-digital (ADCs). A
resolucao dos ADCs tem um compromisso entre a precisao de inferéncia e o
consumo de energia, uma vez que o consumo de energia dos ADCs depende
do nimero de bits usados para representar amostras digitais.

Nesta tese, apresentamos um esquema de aprendizado distribuido com efici-
éncia energética usando sinais quantizados para redes da IdC. Em particular,
desenvolvemos algoritmos de gradiente estocastico com reconhecimento de
quantizacao distribuido (DQA-LMS) e de minimos quadrados recursivos com
reconhecimento de quantizagao distribuido (DQA-RLS) que podem aprender
parametros de maneira eficiente em energia usando sinais quantizados com
poucos bits, exigindo um baixo custo computacional. Além disso, desenvol-
vemos uma estratégia de compensacao de viés para melhorar ainda mais o
desempenho dos algoritmos propostos. Uma analise estatistica dos algoritmos
propostos juntamente com uma avaliacao da complexidade computacional
das técnicas propostas e existentes é realizada. Os resultados numéricos
avaliam os algoritmos com reconhecimento de quantizagao distribuida em
relacdo as técnicas existentes para uma tarefa de estimagao de parametros
em que os dispositivos IdC operam em um modo ponto a ponto.

Também apresentamos um esquema de aprendizado federativo com eficiéncia
energética usando sinais quantizados para redes de IdC. Desenvolvemos o
algoritmo federated averaging LMS (QA-FedAvg-LMS) com reconhecimento
de quantizagao para redes IdC estruturadas por configuracao de aprendizado
federativo em que os dispositivos IdC trocam suas estimativas com um
servidor. Uma estratégia de compensacao de viés para QA-FedAvg-LMS é
proposta junto com sua analise estatistica e a avaliacao de desempenho em

relacdo as técnicas existentes com resultados numéricos.

Palavras-chave



algoritmos adaptativos quantizagao severamente aprendizagem dis-
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1
Introduction

This chapter presents the research background and the motivations of
this thesis. The main contributions and the structure of this thesis are then
provided to readers to access the current state of the art. Moreover, some basic
notations used throughout the thesis are introduced. The last section makes a
list of publications during the period of development of this thesis.

1.1
Motivation and Prior Works

Distributed signal processing algorithms are of great relevance for
statistical inference in wireless networks and applications such as wireless
sensor networks (WSNs) [1,2], the Internet of Things (IoT) [3,4], distributed
optimization [5,6,7] and smart grid implementations [8,9]. In fact, distributed
signal processing techniques deal with the extraction of information from data
collected at nodes that are distributed over a geographical area. In this context,
for each node a set of neighbor nodes collect and process their local information,
and then transmit their estimates to a specific node. Upon reception of the
possibly noisy estimates, each specific node combines the collected information
together with its local estimate to generate improved estimates.

The goal of federated learning [10,11] is to learn a global statistical model
from data stored at tens to millions of devices subject to storing the data
locally at devices and only communicating the intermediate updates generated
by devices to the server. In this context, [oT networks include smart devices
such as mobile phones, smart watches, and autonomous vehicles which are
generating new data every day [12]. Federated learning offers IoT networks

local data storage at devices and transfers network computation to the devices
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due to the growing computational capability of these devices. This can mitigate
concerns over transmitting private information.

Prior work on distributed signal processing techniques has studied
protocols for exchanging information [13,14,15], adaptive learning algorithms
[16], the exploitation of sparse measurements [17, 18], topology adaptation
[19,20], and robust techniques against interference and noise [21,22]. Even
though there have been many studies that evaluated the need for data exchange
and signaling among nodes as well as their computational complexity, prior
work on energy-efficient techniques is rather limited.

In this context, energy-efficient signal processing techniques have gained
a great deal of interest in the last decade or so due to their ability to save
energy and promote sustainable development of electronic systems and devices.
Electronic devices often exhibit a power consumption that is strongly dependent
on the analog-to-digital converters (ADCs) and the number of bits used to
represent digital samples [23]. This is of central importance to devices that
are battery-operated and to wireless networks that must keep the power
consumption to a low level for sustainability reasons. In particular, prior
work on energy efficiency has reported many contributions in signal processing
for communications and electronic systems that operate with coarsely quantized
signals [24,25,26,27].

Among the methods to reduce the energy consumption of networks are:
i) compression of the communication data between neighbor nodes and ii)
coarse quantization with ADCs of signals measured by sensors. Communication-
efficiency techniques enable [oT devices to reduce their energy consumption
with data transmission and reduce the communication bandwidth, and have
been reported in adaptive networks [28,29,30] and federated learning [11,31].
On the other hand, IoT devices contain many sensors that allow them to
interact with the physical world, collecting and processing streaming data

in real time [32,33]. They integrate various sensors such as temperature,
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humidity, accelerometer, gyroscope, magnetometer, altimeter, heart rate, light,
microphone, camera, battery monitor, infrared proximity, gas, ultraviolet,
capacitive sensors. The total energy-consumption and cost of these sensors
affect the energy-consumption and the cost of IoT devices. The type of sensor
determines the accuracy of the analog interface and the resolution of the ADC.
The ADC resolution requirement varies greatly with the sensing application,
ranging from 6 to 16 bits (see [34] Table 1), and has a trade-off between sensing
performance and energy consumption since the energy consumption of ADCs
strongly depends on the number of bits used to represent digital samples [23].
This emphasizes the importance of energy-efficient techniques that deal with
the coarse quantization of measurement data to enable IoT devices to work
with the low energy-consumption sensors.

1.2
Contributions

The objective of this thesis is to develop energy-efficient signal processing
techniques for distributed adaptive learning and federated learning with
application to IoT networks using coarsely quantized signals. In particular, our

contributions can be summarized as:

- We develop distributed quantization-aware least-mean square (DQA-LMS)
and distributed quantization-aware recursive least-squares (DQA-RLS)
algorithms that can learn parameters in an energy-efficient fashion using
signals quantized with few bits while requiring a low computational
cost. Moreover, we develop closed-form and adaptive bias compensation
strategies to further improve the performance of the proposed algorithms.
We then carry out a statistical analysis of the proposed algorithms along
with a computational complexity evaluation of the proposed and existing
techniques. Numerical results compare the distributed quantization-
aware algorithms against existing techniques for a distributed parameter

estimation task where IoT devices operate in a peer-to-peer mode.
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- We also develop an energy-efficient federated learning framework using
coarsely quantized measured data for IoT networks. In particular, we
present a quantization-aware Federated Averaging Least Mean Square
(QA-FedAvg-LMS) algorithm that can learn parameters in an energy-
efficient fashion using measurements quantized with few bits, and devise
a bias compensation strategy to further improve the performance of the
proposed QA-FedAvg-LMS algorithm. We carry out a statistical analysis
of the proposed QA-FedAvg-LMS algorithm. Simulations compare the
QA-FedAvg-LMS algorithm against existing techniques for a parameter
estimation task in a scenario where IoT devices operate with federated

learning.

1.3
QOutline

The rest of this thesis is organized as follows:

- Chapter 2 gives technical background on this thesis. In the first section,
basic concepts of adaptive distributed networks are presented, which
includes the model of the network, the structure of nodes, and the
communication strategy among nodes and the energy consumption of
ADCs in the adaptive distributed networks is demonstrated with an
example. In Section 2, the model of federated learning for IoT networks
is presented, where the nodes are orchestrated by a server. The concept
of signal decomposition, which allows to deal with nonlinearities like the
distortion generated by ADCs is presented in Section 3. The design of

ADCs in the network is also detailed in section 3.

- Chapter 3 presents the distributed quantization-aware LMS (DQA-LMS)
algorithm. In the first section, the derivation of DQA-LMS is presented.
The mean performance analysis, the bias compensation term, the adaptive
bias compensation strategy and the mean square performance analysis of

DQA-LMS are given in Sections 2 to 5. In Section 6, the computational
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complexity is evaluated. In Section 7, the results of simulations are shown

and discussed.

- Chapter 4 presents the distributed quantization-aware RLS (DQA-RLS)
algorithm. In the first section, the derivation of the DQA-RLS algorithm
is detailed. In Section 2, the definitions and assumptions that are used
for the performance analysis of the RLS-type algorithms are presented.
The mean performance analysis, the bias compensation term, and the
mean square performance analysis of DQA-RLS are given in Sections 3
to 5. In Section 6, the computational complexity is evaluated. In Section

7, the results of simulations are shown and discussed.

- Chapter 5 presents the quantization-aware Federated Averaging Least
Mean Square (QA-FedAvg-LMS) algorithm. In the first section, the deriva-
tion of QA-FedAvg-LMS algorithm is detailed. The mean performance
analysis, the bias compensation term, and the mean square performance
analysis of QA-FedAvg-LMS are given in Sections 2 to 4. In Section 5,
the computational complexity is computed. In Section 6, the results of

simulations are shown and discussed.

- Chapter 6 presents the conclusions of this thesis and discusses the obtained

results, future directions and research opportunities.

1.4
Notation

Throughout this thesis, we use the following notation:

- We show scalars, vectors and matrices with lowercase, boldface lowercase

and boldface uppercase letters, respectively.

- The transpose of a vector a and a matrix A is denoted by a’ and AT,

respectively.

- The complex conjugate of a scalar a, the complex conjugate transpose

of vector a, and the complex conjugate transpose (Hermitian transpose)
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of a matrix A are shown by a*, a*, and A*, respectively, i.e., for real

numbers z and y, and the imaginary unit 7, we have

a=zx+1iy, a" =x—1y

o * * * *1T
a=lay,ay,...,a,), 2" =[a],as,...,a}]
* * *
ail a2 - Qip Ayp Qgp 0 Qp (1-1)
* * *
Q21 Q22 -+ Q29 . Q1p Qgg +° Qpg
A = AT =
* * *
anl anQ oo ann aln agn .« o ann

- Tr(A) denotes the trace of a matrix A. A ® B represents the Kronecker

product of two matrices A and B.

- vec(A) represents the vectorization operation of A, i.e., for A given by

(1-1) o

21

vec(A) = |a,; | - (1-2)

Q12

ann

2

- ||a]| is the Euclidean norm of a vector a. HaHZ = a*Za is the Z-Weighted
2

Euclidean norm of a column vector a. HbHZ = bZb* denotes the Z-

Weighted Euclidean norm of a row vector b.
- col{...} stacks its arguments column-wise as follows:
a a A

col{a,b,c} = |p|, col{a,b,c} = |b|, co)l{A,B,C} = |B|. (1-3)
c c C
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- diag(A) creates a row vector with the diagonal entries of A, i.e., for A
given by (1-1)

dlag(A) = [(1,11, asg, . .. ,ann] (1—4)

- diag{...} creates a diagonal matrix with the elements of a vector or the

diagonal elements of a matrix, i,e., for a and A given by (1-1)

ag 0 - 0 ay; 0 -+ 0
0 ay --- 0 0 ayp --- 0

diag{a} = , diag{A} = . (1-5)
0 0o --- (079 0 0 SR )

- nondiag{A} replaces the diagonal elements of A with zero, i.e.,
nondiag{A} = A — diag{A}.
- blockdiag{...} creates a block diagonal matrix such that the main-diagonal

blocks are the entries inside {...}.

- I denotes the M x M identity matrix. The all-one and all-zero M x 1

column vectors are shown by 1,; and 0y, , respectively.

- x ~ CN(m, R,) denotes that x is a complex Gaussian signal with mean
m and covariance matrix R, whereas x ~ A (m,R,) denotes a real

Gaussian signal x with mean m and covariance matrix R,.
- E[.] denotes the expectation operator.

- p(A) represents the spectral radius of a given square matrix A, that is,

the maximum of the absolute values of its eigenvalues.

- We use the mathematical accents (diacritical marks) as follows: Z is an
estimate of a scalar x. T denotes the quantized version of a scalar x. These

accents are used in the same way for vectors and matrices.

- Q(.) denotes the quantization operator, i.e., X = Q(x) that is performed

element-wise.
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1.5
Publication List
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vol. 70, pp.3441-3455, 2022.

- Danaee, A.; de Lamare, R. C.; Nascimento, V. H., Energy-efficient
distributed learning with coarsely quantized signals, IEEE Signal

Processing Letters, vol. 28, pp.329-333, 2021.

- Danaee, A.; de Lamare, R. C.; Nascimento, V. H., Quantization-
Aware Federated Learning with Bias Compensation and Coarsely

Quantized Measurements, under preparation.

Conference papers:

- Danaee, A.; de Lamare, R. C.; Nascimento, V. H., Quantization-Aware
Federated Learning with Coarsely Quantized Measurements, In:

(to appear) European Signal Processing Conference (EUSIPCO) 2022.

- Danaee, A.; de Lamare, R. C.; Nascimento, V. H., Energy-Efficient
Distributed Learning with Adaptive Bias Compensation for
Coarsely Quantized Signals, In: IEEE Statistical Signal Processing
Workshop 2021.

- Danaee, A.; de Lamare, R. C.; Nascimento, V. H., Energy-Efficient
Distributed Recursive Least Squares Learning with Coarsely
Quantized Signals, In: 2020 54th Asilomar Conference on Signals,

Systems, and Computers, pp.1533-1537, 2020.



2
Distributed Learning and Problem Statement

In this section, we present the fundamentals of distributed and federated
learning and state the fundamental problem that we are interested in this thesis
using simple mathematical models with the help of linear algebra tools. We
start this exposition by detailing the signal model of the proposed distributed
network with low-resolution ADCs. Then, we describe two common structures
for IoT networks, i.e., adaptive distributed networks and federated learning.
In adaptive networks, nodes are connected within their neighborhood and
cooperate with neighbors to complete a task whereas in federated learning
setup, nodes are connected to a server and complete a task with the supervision
of the server. Furthermore, we also state the problem and review the signal
decomposition of coarsely quantized signals performed by Bussgang’s theorem,
which is central to signal processing with low-resolution ADCs. We then show
the design of ADCs in such networks.

2.1
Adaptive Distributed Networks

Adaptive networks are connected networks with NV agents as illustrated
in Figure 2.1. In a connected network, there always exists at least one path
connecting any two agents: the agents may be connected directly by an edge if
they are neighbors, or they may be connected by a path that passes through

other intermediate agents.

- A network of size N is generally represented by a graph containing N
vertices, which we call nodes or agents, and a set of edges connecting the
vertices to each other. An edge that connects a vertex to itself is called a

self-loop and vertices connected by edges are called neighbors.
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{xk(d), di (i) }
vk (7)

Adaptive en(i)

Algorithm

A

Figure 2.1: A distributed adaptive network

- The scalar ay, will be used by agent k to scale data it receives from agent

[. The weight a;; is non-negative.

- The neighborhood of an agent % is denoted by N, and it consists of all
agents that are connected to agent k by an edge, in addition to agent k

itself.

- In general, any two neighboring agents k& and [ have the ability to share
information over the edge connecting them. Whether this exchange of
information occurs, and whether it is uni-directional, bi-directional, or
non-existent, will depend on the values of the weighting scalars ax;, aj

assigned to the edge.

- We assume the graph is undirected so that if agent k is a neighbor of
agent [, then agent [ is also a neighbor of agent k. Any two neighbors can

share information both ways over the edge connecting them.

We associate with each agent a twice-differentiable individual cost function,
denoted by jix(w) to estimate an M x 1 unknown vector w, € CM. This function
Jr(w) is sometimes called the utility function in applications involving resource

management issues and the risk function in machine learning applications.
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The goal of the network of agents is still to seek the unique minimizer of the
aggregate cost function, j(w) as follows:

w, 2 min j(w) = ;ij(wk), (2-1)

weCM

and the local objective functions are given by:

(W) = = 5" (v xui), i), (2-2)

Nk 3=

where ¢(wy;x(7), di(7)) quantifies the loss of the model parameter wy, on data
sample {xx (), dr(7)}. The presented model considers a desired signal d (i), at

each time ¢ described by the model:

dk(l) :W:Xk(Z)—f—Uk(l), k= 1,2,,N, (2—3)

2

,, at each

where v (7) represents Gaussian noise with zero mean and variance o
agent k that is uncorrelated with x (7).

To solve (2-1), distributed algorithms that are based on gradient-descent
methods [35, 36,37, 38| are effective and easy to implement. Two prominent
variants of distributed algorithms are the consensus strategy [13,39,40] and
the diffusion strategy [41,42,43]. We adopt the diffusion strategy because it
has been shown to be a more effective scheme than other previously reported
schemes [44]. The diffusion strategy is listed in Algorithm 1 where each agent

k, first computes its local gradient and updates the intermediate estimated

parameter hy (i) as follows:
hy (i) = wi(i = 1) = Vi (wi(i — 1)), (2-4)

and in the next step, executes weighted averaging for the received intermediate

updates h;(i) from its neighbors [ € N}, as follows:

lENk

The combination coefficients {ay }&¥, ,_; are non-negative and satisfy
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Algorithm 1: Diffusion strategy for distributed learning at node k

input :Initial values wy(—1) € RM | combination matrix A, and
step-size

output : wy(7)
1 for:=0,1,2,... do

2 hy(i) = wi(i — 1) — Vi (w(i — 1))

3 Wk(l) = lgf alkhl(i)

end for

=0, | gé N
ik y o Qg = Gkl Z a, =1, (2‘6)
> O, l e Nk LENG

which implies that the combination matrix A = [a;] € RY*Y is a symmetric

and doubly-stochastic matrix, i.e.,
A=A" and Aly=1y. (2-7)

One example of doubly-stochastic combination coefficients is to use the

Metropolis rule [41] as follows:

max{?llk,nl} 7l S Nk \ {k}
ar=91— >  am =k : (2-8)
meN,\{k}
0 ) l ¢ Nk

We consider the mean-square error (MSE) as the local objective function

(2-2) given by:

it = 1) = Efe]] £ E[|) ~ o]

Ewdk(o —wili - 1)Xk(i>‘ﬂa

where

A

du(i) = wi(i — )i (0) (2-10)
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is the output of the adaptive filter and ey (i) = dp(i) — wi(i — 1)xx (i) is the
estimation error (Figure 2.1). The gradient of (2-9) with respect to wj (i — 1) is
Vie(wi(i — 1)) = —E[xx(i)ex(7)]. Replacing an instantaneous approximation of
it into (2-4), we arrive at the distributed least-mean square (DLMS) algorithm

at agent k as follows:

hy (i) = wi(i — 1) + pexx(i)er (7) (2-11a)
wi(i) = Z ahy (7). (2-11b)
leNs

In order to ensure convergence of wy (i) in the mean, the step-size of the DLMS

algorithm must be chosen such that [42]

0 < pg < (2-12)

Amax(Ray)”

CMxM ig the covariance

where A\pax is the largest eigenvalue of R,,, and R,, €
matrix of x;. Note that for LMS-type algorithms [36,37,38], if the eigenvalue
spread (Amax/Amin) Of the covariance matrix of the input is large, it is appropriate
to choose the step-size much smaller than its upper bound [45]. Therefore, the
convergence rate of LMS-type algorithms varies substantially with the statistics
of the input signal x4 (7). If x;(7) is a white noise, the convergence rate is high.
On the other hand, if the correlation between successive samples of x(i) is
high, LMS-type algorithms converge slowly.

The recursive least-squares (RLS) algorithms are known to pursue fast
convergence even when the eigenvalue spread of the covariance matrix of the
input is large. The RLS algorithm can be derived in different ways. For the
adaptive networks, let us consider a network of N nodes distributed over an
area as in Figure 2.1. At time i, we globally collect the input regressors into a
matrix X; and the desired signal into vector d; as follows:

X; = blockdiag{x; (7),...,xx(i)} (MN x N)

(2-13)
d; = col{d (i), ...,dn (i)} (N x 1),
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Now we collect these data from time 0 to time ¢ as follows:

X, = blockdiag{X;,...,Xo} (MN(i+1)x N(i+ 1)), (2-14)
2-14

d; :COI{dZ’,...,do}T (1 X N(l+1))
Note that for the globally collected quantities we denote time by a subscript,
whereas for node-wise quantities we denote time by parenthesis. Then we
estimate the M x 1 vector w, by solving the weighted regularized least-squares

problem given by [15]:

2
+|
IT;

’ } (2-15)

min HW—W’
w [ >

where W is a given column vector, IT; > 0 is an M x M positive-definite matrix
that incorporates a regularization term ||w — w||g, into the least-squares
problem, and ¥; > 0 is an N(i + 1) x N(i + 1) Hermitian positive-definite
matrix that incorporates weighting into the least-squares problem. We give

more details on these vectors and matrices later in Section 4.1. The solution to

(2-15) is given by diffusion RLS (DRLS) [15] as follows:

P, (i) = i(Pk(z’ —1) - Pki’;)i:zf;gi’(‘f(_@)g;g(s 1)) (2-16a)
hy, (i) = wi(i — 1) 4+ Pp(i)xp(i)eg(4) (2-16b)
Wk(l) = Z alkhl(z’), (2—160)

lENk

where e (i) = di(i) — wi(i — 1)x4(7) is the estimation error, 0 < A < 1 is
known as the forgetting factor, Pj(—1) = IT"!, and IT = §~'I;;. Although
DRLS algorithm converges very quickly when the eigenvalue spread of the
covariance matrix of the input is large, it has a considerable increase in the
computational cost when compared to the DLMS algorithm. We compare
our proposed DQA-LMS and DQA-RLS algorithms that are based on the
DLMS and DRLS, respectively, in Section 4.7, and discuss the use case of each

algorithm.
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2.1.1
Adaptive loT Networks

ve(t)
Xk<t) w + dk(f) ADC Ek@f\
—+ *few bits +'7{_
ADC
*few bits
X5 (i) wi(i) di (i)
A
Node & Adaptive | ex(i)
{Xn (i), di (i)} Algorithm |

Figure 2.2: An IoT device k with quantized measurements

We consider an IoT network consisting of N nodes or agents which run
distributed signal processing techniques to perform the desired tasks, as depicted
in Figure 2.1. We consider x(t) and d(t) as the (band-limited before sampling)
analog input and output of the unknown system w, at node k. Let x;(i) and
dr (1) denote the high-precision sampled (or so-called full resolution) versions of
x1(t) and di(t), and X (i) and dy(7) denote the coarsely quantized versions of
x;(7) and d(7), respectively. Note that we denote the continuous time (analog)
data with (¢) whereas we use (i) for discrete-time data.

As shown in Figure 2.2, because the measurement data at each node
and the unknown system are analog and each agent processes the local data
{dr(7), xx(i)} digitally, we need two ADCs in each agent. Specifically, a
digital signal is acquired from the observation of an analog signal and the
use of an ADC with b bits, which employs a scalar quantizer with the set
of thresholds 7, = {—o00 = 79, 71,...,Tov_1, 7 = 00} and the set of labels
Ly, ={lo,l1,...,lp»_1}. We summarize the key features of the proposed adaptive

[oT network given in Figure 2.1 as follows:

- The proposed adaptive network consists of N nodes which run distributed

signal processing techniques to perform a desired task.
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- Each node has two ADCs to quantize the received signals, i.e., the input
regressors and the desired signals, and process them digitally. Moreover,
in the proposed bias compensation section, we discuss one special case
where each node has one ADC to quantize both the input regressors and

the desired signals.

- The fixed thresholds and labels of ADCs are calculated with the Lloyd-
Max algorithm [46,47] for a Gaussian signal with zero-mean and unit
variance. Although there are practical methods for the inputs to the ADCs
to approach the unit variance such as automatic gain control (AGC), we
show in the numerical results that inputs with different variances do not

degrade the performance of the proposed algorithms that are based on

fixed thresholds and labels.

One concern is that as the number of agents increases, the energy consumption
might grow substantially when using high-resolution ADCs for each agent. This
motivates us to quantize signals using few bits. Therefore, the problem we are
interested in solving in this work is how to design energy-efficient distributed
learning algorithms that can cost-effectively operate with coarsely quantized
signals.

2.1.2
An Example of Energy Saving by Coarse Quantization

In order to assess the power savings by low-resolution quantization,
we consider a network with N IoT devices in which each device uses two
ADCs. The power consumption of each ADC in millimeter wave systems is
Papc(b) = ¢B2b [48], where B is the bandwidth (related to the sampling rate),
b is the number of quantization bits of the ADC, and ¢ is the power consumption
per conversion step. Therefore, the total power consumption of the ADCs in

the network is
Paper(b) =2NeB2"  (watts). (2-17)
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Figure 2.3 shows an example of the total power consumption of ADCs in a
narrowband IoT (NB-IoT) network consisting of 20 devices with bandwidth
B = 200kHz [49] and considering the power consumption per conversion step

of each ADC, ¢ =494 {J, as in [50].

0.18 T T T T
‘-x—PADC’T in a network with 20 Nodes

0.14 -

0.12 +

0.1F

0.08 -

Power Consumption (watt)

Py

0 3¢
0 2

2 6 8 10 12
ADC Resolution (bits)

Figure 2.3: Power consumption of the ADCs in an adaptive IoT network.

2.2
Federated Learning for loT Networks

Device N Device 1

D Server D
M (@)
(2)

((Q) D Device k: Dy (i) = {xx(i),dr(i)} Device 2 D

Figure 2.4: A federated IoT network

Figure 2.4 shows the architecture of an IoT network consisting of N IoT
edge devices orchestrated by a server under federated learning strategy. Each
device k, k = 1,..., N, has access to local training data Dy, including ny = |Dy|
data samples. The data sample i is represented by Dy (i) = {xx(i), dx (i)} where

x1,(7) € CM and di(i) are the ith input data vector and the associated output
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response at device k, respectively. The goal of the learning task of the network
is typically determined by the optimization problem:

W, = min j(w) = 2_: aje(W), (2-18)

weRM

where j(w) is the global objective function, ji(w) is the local objective function,
ar > 0 denote weights and Y ,ar = 1. It is common to set ap = % in
homogeneous networks to give an equal weight to every device k. The local

objective function is given by:

Juw) = 13 tws i), (), (2-19)

L)

where ¢(w; xy(7), di (7)) quantifies the loss of the model parameter w on the
data samples {xx(7), dx(7)}. One solution of (2-18) can be obtained by applying
iterative methods such as stochastic gradient descent techniques to (2-19) as
follows:

w(i) = wii — 1) = pVjie(w(i — 1)), (2-20)
where p is the step size, and the server receives the updated parameter wy (i)

from devices and sends the following updated global parameter to N devices:

w(i) = Jisz_:wk(z’). (2-21)

The server update (2-21) and local update (2-20) are key steps of FedAvg [10].

The data collected at IoT devices are described by the model:

di(i) = wixp(i) + v(i), k=1,...,N,andi = 1,..., ny, (2-22)

2

2 at each
k

where v (i) represents Gaussian noise with zero mean and variance o
device k, that is uncorrelated with x; (7). We consider the MSE as the local

objective function (2-19) to estimate w(i) as defined by:

Je(w(i—1)) = E[Hek(z))ﬂ 2 E[Hdk(z’) — c?k(@')\ﬂ

) (2-23)
= E[Hdk(i) —w(i = 1)x(0) }
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where d,(i) = w*(i — 1)x(i) is the output of the estimated parameters and
ex(i) = di(i) — w*(i — 1)x4 () is the estimation error. The gradient of (2-23)
with respect to w*(i — 1) is Vjg(w(i — 1)) = —xx(i)ej (7). Replacing it into
(2-20), we arrive at the Federated Averaging-LMS (FedAvg-LMS) algorithm as

follows:

wi(1) = w(i — 1) + puxp(i)(de (i) — W (1 — 1)xg(i))" (2-24a)

w(i) = ;[ 2_: wy (i), (2-24b)

which has been used in adaptive federated learning tasks [51,52].

As shown in Fig. 2.4, each IoT device uses sensors and hence the
measurement data are analog and should be converted to digital data for
processing, as illustrated in Fig. 2.2. The average ADC resolution for different
types of sensors in IoT devices varies from 5 to 16 bits (see Table. 1 in [34]). One
concern is that the cost and power consumption of ADCs increase exponentially
with the number of quantization bits [23] for each device. This motivates us
to quantize the measurement data with few bits to support the low-cost and
low-power consumption features of IoT sensors.

2.3
Signal Decomposition with Coarse Quantization

In order to provide a clear exposition, we include here a short overview
of Bussgang’s theorem, which allows one to deal with nonlinearities like the

distortion generated by ADCs.

Teorema 2.1 Given two Gaussian signals, the cross-correlation function
taken after a signal has undergone nonlinear amplitude distortion is identical
(except for a scaling factor) to the cross-correlation function taken before the
distortion [53,5/]]. Specifically, according to Bussgang’s theorem, for a pair of
zero-mean jointly complex Gaussian random variables x(i) ~ CN(0, o2;)) and

z(n) ~ CN(0, ai(n)), and for the output x¢(i) of some scalar-valued nonlinear
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function xg(i) = f(x(z)), where f(-): C — C, it holds that

Eaqm).a() {wcz(n)x*(i)} = 9(n)Egn) () [az(n)x* (z')} (2-25)
in which
91 = 3 —Eagn [ (a0 (2-26)

Let us consider now that the previously mentioned nonlinear function
f(+) can be applied element-wise to a zero-mean complex Gaussian random
vector x(1) = [x(l),x(Q), . ,x(M)} ~ CN(0, R,), where R, € CM*M i the

covariance matrix of x resulting in a vector xq, i.e.,

xq = f(x). (2-27)
It follows from (2-25) that
R.,. = GR, (2-28)
where
G = diag{gl, o .. ,gM} (2-29)

represents a diagonal M x M matrix whose mth diagonal entry is computed
as in (2-26). Bussgang’s theorem can be used to decompose the output of a
nonlinear device as a linear function of the input x plus a distortion q € C

that is uncorrelated (but not independent) with the input as [53]

xo=Gx+q (2-30)

The referred uncorrelation can be viewed as follows:
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E[aqx’] = E|(xq — Gx)x"| = Ryge — GR, = O (2-31)
where we made use of (2-28).

2.3.1
Signal Decomposition for loT Networks

To use this result in the distributed adaptive network in Fig. 2.1,
let X = Qu(xx) denote the b-bit quantized output of an ADC at node
k, described by a set of 2° + 1 thresholds T, = {79, 71, ..., 7o}, such that
—00 =Ty < T < ... < Ty = 00, and the set of 2° labels £, = {lo, 11, ..., loo_1 }
where I, € (7,, Tp41], for p € [0,2°—1] [24]. Let us assume that x; ~ CN(0, Ry, )
where R,, € CM*M g the covariance matrix of x;. We have thus a relation
between Xj, and x; in the form of (2-27), with the quantization function Q(-)
playing the part of the scalar-valued nonlinear function f(-) in (2-27). We now
use (2-30) to derive a model for the quantized vector X, which we later use to
derive our quantization-aware algorithms. Employing Bussgang’s theorem, Xy,

can be decomposed as
Xp = Gpxy + qu, (2-32)

where the distortion q is uncorrelated with x;, and Gj, € R™*M g a diagonal

matrix given by [24]

(2-33)

where the index b indicates the number of bits (ADC resolution). For the

particular case that R,, = E[x;x}] = agkIM, the matrix Gy becomes giI5; and

gk is given by 2 2
1 22—
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Note that, as a simplifying approximation, we also apply this signal decompo-
sition to the quantized desired signal, dj, which is the output of the second
ADC in the system. To compute Gy, three parameters are needed, namely
the set of thresholds 7y, the set of labels £, and the covariance matrix of the
input signal R, . The thresholds and labels are designed for the ADCs and are
available at the nodes. However, the nodes have access to Rz, instead of R,, .
To overcome this, we can estimate the variance of the distortion q, i.e., 8§k
(since the variance of the distortion is not accessible in practice, we estimate
it) and the covariance matrix of the input signal, ﬁxk =Rz + 6§kIM' In the
next section, we show how to design the ADCs and estimate the variance of
the distortion.

2.3.2
ADC Design

In this section, we show how to compute the thresholds and labels to design
the ADCs. To minimize the MSE between x; and X, we need to characterize
the probability density function (PDF) of x; to find the optimal quantization
labels. Because choosing these labels based on such PDF is ineffective in practice
(since the PDFs are difficult to estimate), we assume the regressor xj(i) is
Gaussian, then adapt the approach in [24] and compute the thresholds and

labels as follows:

1. We generate an auxiliary Gaussian random variable, X, with unit
variance and then use the Lloyd-Max algorithm [46,47] to find a set
of thresholds 7, = {m1,...,70_1} and labels £, = {lo,...,le_,} that

minimize the MSE between the unquantized and the quantized signals.

2. We wrap up the set of thresholds 7, by adding 7o = —oo0 and 75 = o0,

ie, Tp={—0c0="70,71,...,Tov_1, Top = OO}.

3. We quantize X, using 7, and L, generate the quantized signal X, and

estimate the variance of the quantization noise, agk with the subtraction
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of the variance of the quantized auxiliary signal from the variance of the
auxiliary signal [24]

62 =02 —o2 (2-35)

qk ZTauz Tauz®

4. We define the estimate of the covariance matrix of the quantization noise
as follows:
R, =521y (2-36)
Note that steps 1 and 2 design the thresholds and labels of the ADCs, and
steps 3 and 4 are useful to estimate R, .

2.4
Chapter Summary

This chapter has reviewed the technical background of adaptive loT
networks in order to introduce two methods of learning in IoT networks, i.e.,
distributed learning, where the agents operate in a peer-to-peer mode, and
federated learning, where the agents work in a client-server mode. Furthermore,
two key distributed adaptive algorithms for adaptive IoT networks were
presented. The signal and system model used in distributed learning were
described in detail, and the need for the saving energy by using low-resolution
ADCs in these networks was identified. Subsequently, a signal decomposition
method was introduced which is a fundamental tool in energy-efficient signal
processing with low-resolution ADCs. Moreover, a design method of ADCs for

IoT networks was detailed.



3
Distributed Quantization-Aware LMS Algorithm

In this chapter, we present the derivation of the proposed DQA-LMS
algorithm and a statistical analysis of the proposed DQA-LMS algorithm. In
addition, we devise a bias compensation strategy, investigate the computational
complexity of the proposed and existing algorithms, and assess the estimation
performance of the DQA-LMS algorithm for a parameter estimation setup with
numerical results.

3.1
Derivation of DQA-LMS

Let us consider x;(t) and di(t) as the analog input and output of the
unknown system w, at node k (Fig. 2.1). Let x4(¢) and dj (i) denote the high-
precision sampled versions of x,(t) and dy(t), and X (i) and dy(i) denote the
coarsely quantized versions of x (i) and di(7), respectively.

We show next that a learning algorithm based directly on (2-10) is
biased for estimating w,, and show how to correct for this bias. To this end,
let SBk(i) be the bias compensation term to be chosen shortly, and define

di (i) = Br(i)wi(i — 1)X, (@) to construct an MSE cost function as follows:

~

Tio(wi (1)) = Ellex(i)[*) = Elldx (i) — di()]]

= E[|di (i) — Br(i)wi (i — )% (i),

(3-1)

which depends only on the received quantized quantities dy (i), X (i), and
the bias compensation term fi(i). For fx(i) = 1 (as in DLMS (2-9)), the
quantization of dj (i) would result in biased estimates of w,. The gradient of

3-1) with respect to wj (i — 1) is given by:
k g Y
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Vi (wi(i — 1)) = —Bu(0)%u(0) (di (i) — Bu(i)wi(i — D=i(i)) (3-2)

Replacing (3-2) in 2-4 and using (2-5), we obtain the DQA-LMS algorithm as

follows:

hai) = wili — 1) + s (0% (0)ei 1) (330)
wi(i) = Y anhy(i), (3-3b)
1ENE

where e, (i) = di.(i) — B (i)W} (i—1)Xx () is the estimation error. In the following
we show how to optimally choose (5;(i) to reduce the bias.

3.2
Mean Performance Analysis

To start the mean performance analysis, we use the following assumption
that is very common in parameter estimation [55,56,57] and adaptive signal
processing [58].

Assumption 1: The input data regressors x(i) are zero-mean with

covariance matrices R,, = E[x;(i)x} ()] and temporally independent. This

2

assumption also applies to the additive noise sequences vy (i) with variance o

and the quantized regressors X (¢) with covariance matrices Rz, = E[X(1)X}(7)].
Moreover, covariance matrices are time-invariant, and x(7), vg(i) and X (1)
are assumed spatially independent.

To analyze the performance of DQA-LMS, we use the weight-error vectors

defined as:

wie(i) = w, — wi(i), and hy (i) = w, — hy(i). (3-4)

Under Assumption 1, if the entries in the input regressors x; () are uncorrelated
and with equal variance, we have R,, = E[x;(i)x;(i)] ~ 02, In; and the matrix
G., reduces to gz, Iy Let us denote Ry, = Elq., (¢)q;, (1)] = o7 I where 77,

is given by (2-35).
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Using (2-32), we can decompose Xj(i) and dy(i) as follows:

(i) = 90, 1(0) + s, () (3-50)

816 (2) = gdkdk(i) + 4dy (2) = gdszxk (Z) + pk(i)v (3'5b)

where pi (i) = g4, vk (7) + ga, (7). Using this decomposition, we write the error

ex (1) as follows:

ex (i) = di (i) — B(i)wy, (i — 1)%(i)

= Ga, Wixi (1) + pi(i) = Br()Wi (i = 1) (g xu(0) + a, (0)).

(3-6)

Replacing (3-6) into (3-3a) and subtracting from w, yields

u(i) = Wi = 1) = e B(0)Re (D0 (1) = Wali = 1) = (i) (9200(0) + ey (D) (1)
= Wili = 1) = i Bu(0) (90, 90,5 L) Wo + 90,30 0)
— AR (DXE Wi — 1) = g Bl 0)a, () wii = 1)
+ 90, (XL W + By (1)
~ 9uu D) (DXL DWe(i = 1) = Beli) et (), (Dwili = 1))
= Wil = 1) = ) (90090,50X (D) + 90,0, (X0 W,
= (92, Bl + 90 000y (DX1(0) + g B0 500, ()
B0 (105, () Wili = 1) + g 6(Dprl0) + e (D) ).

(3-7)

We take the expectation from both sides of (3-7). Since xx(i), qu, (i), and
pi(i) are uncorrelated pairwise, the expectations of these cross terms vanish.

Considering this, we obtain
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Bl (1)) = Bl50u(i = 1)) — e (B[99, 510030

~ B[ (g2, Bx0xi ) + AR (D)an (et () wali — 1] )

(3-8)

=E[Wi(i —1)] — pr| 9u, 94, R, Wo

— (92, 50l Ry + (DR, JE i — 1] ).

In the last line of (3-8), we use a common assumption that states that x/(7)
varies slowly in relation to wy(i — 1) [58]. Thus, when they appear inside the
expectations we decouple their expected values. This also applies to q, (i) in
relation to wy(i — 1).

We show next that a necessary but not sufficient condition to have an

asymptotically unbiased solution in the mean is that

and we show in the next section that this condition is possible by appropriately

choosing [ (7). Assuming (3-9) and using (3-4), we can write (3-8) as follows:
E[hy(i)] = (Tar = ik, Ga, B (i) Ray, )E[Wr (i — 1)]. (3-10)
Subtracting w, from both sides of (3-3b) and using (3-10), we obtain

=" anhy(i) = azk((IM - ngxkgdkﬁk(i)Rzk)E[VNVk(i - 1)])-

lEN}, lEN}
(3-11)
We define the following matrices:
A=A®Iy (MN x MN)
M = blockdiag{ i Ins, ..., unIns} (MN x MN)

R. = blockdiag{g:, 94, 51(1)Rays - - -, Gun Gan On (1) Ray} (MN x MN)
W, = col {W1(i), ..., Wy (i)} (MN x 1),

(3-12)
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and write the global form of (3-11) as follows:

E[Wi] = A(Tyy — MR, )E[W,_y]. (3-13)

The necessary and sufficient condition to ensure the mean stability of the
network, i.e., E[WZ] — 0 as ¢ — oo is to have p(.A(IMN — M’jo)) < 1. Since
the spectral radius of A is equal to one [41], we must have p(I MN— M’RI) < 1.

Therefore, the stability condition for DQA-LMS is given by:

0<py < ——=—~ 3-14
M AR (3-14)
where A\., is the largest eigenvalue of R,.
3.3
Bias Compensation
From (3-9), we must have
. 2 -1
6k(l)IM = gIkgdkRﬂvk (gz‘le'k + RQk) . (3‘15)
Therefore, the bias compensation term is expressed by
Br(i) = P = ———2—. (3-16)

L0k + 5

Remark 1: (One ADC for each sensor). To reduce the cost and energy
consumption of sensors, we consider one ADC to quantize the measurement
data {x4(7),di(¢)}. Then g,, and g4, can be considered equal and this reduces
the complexity of our algorithm as well.

Remark 2: (Approximation of data variance). Since the devices receive
quantized data and have access to the covariance of the quantized data,
Rz, = E[X,(i)X;(i)] = 02, Iy, we approximate the variance of high precision
data as follows:

G2 =062 +052 (3-17)

and the variance of the quantized input is given by:
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Algorithm 2: DQA-LMS algorithm at agent k

input :Initial values wi(—1) € RM combination matrix A,
step-size i, 02, (—1) =0 and 0 < v < 1

Generate T, and Ly, and Compute 7, from (2-35)

output : wy(7)

1 for:=0,1,2,... do

2 data: di(i) and X (i) = [Tx (i), Zp(i — 1), ..., Tp(i — M + 1)]T

3 07.() =707, (i — 1) + (1 = ) [Z(d)]?
a 02 =02 (i) +a72
_ 732 _7.72+1
| Zb—lzj(e oo )

5 Gy, (Z) = T Nz
O’%k j=0
. 92,94
L
7 ep(d) = di(d) — Br(i)wi (i — 1)%(i)
8 hy(i) = wi(i — 1) + B (@)x (i) ef (1)

Wk(l) = lg/\:[ alkhl(z’)

©

end for

o1& — 12
5. = 3] ;(a:k(l) — mean{Zy })~, (3-18)

where T (l) are the [th entry of vector Xi(i). To reduce the complexity of
computation of 6%k, we use the iterative recursion at each time instant i as
follows:
oz, (i) =70z, (i — 1) + (1 = )|z (3)]*, (3-19)
where 62 (—1) = 0 and 0 < v < 1. Therefore, at each data sample 4, the bias
correction term is given by:
~2

2
92,9z,

= bk =k 3-20
=g vor (3-20)

The DQA-LMS algorithm is summarized in Algorithm 2.
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3.4
Adaptive Bias Compensation

In this section, we propose an adaptive strategy to compute the bias
compensation term [ (i) for "delay line" inputs, which uses an approximation
for R,, by the instantaneous values of the input vector x;. A simple approach
to estimate R,, is obtained by employing the instantaneous values of x;x} as

follows

—

R, (1) = xx ()%} () M x M (3-21)

and consequently for estimating Rz, (7)
Rz, (1) = Xk (1)X () M x M. (3-22)

Since we do not have access to the instantaneous values of x; (i) and process

X (7), we use the following estimate

R,, (i) = Ry, (i) + 62 L. (3-23)
Note that we estimate R,, online to form the diagonal entries of the matrix
Gy (i) considering (2-33) and since Gy(i) is a diagonal matrix whose entries
are built based on the diagonal entries of the covariance matrix R,, , we only

consider the diagonal entries of ﬁxk (7) which can be shown as follows:
Ty, (1)

P (i — M+ 1)

where 7, (i) = T(2)T} (i) + 0, . Algorithm 3 summarizes the AdDQA-LMS

algorithm.

3.5
Mean Square Performance Analysis

In this section, we carry out a mean-square performance analysis and

discuss the steady-state behavior of the DQA-LMS algorithm. We first write
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Algorithm 3: AADQA-LMS algorithm at agent k
input :Initial values wi(—1) € RM combination matrix A,

step-size g, By, (—1) = diag{br(—1),...,bp(=M)} = Onrxcnm

Generate T, and Ly, and Compute 7, from (2-35)

output : wy(7)

1 for:=0,1,2,... do

2 data: di(i) and X (i) = [Tx (i), Zp(i — 1), ..., Tp(i — M + 1)]T

8 Ty (1) = TR())Th (1) + 52,
=Y i T
4 i) = —— —j(e () _ g rag()
)= 7 B V5

6 update B, (1)
7 en(i) = di(i) — wi(i — 1) B, (1) %k (2)
8 hp(i) = wi(i — 1) + uB(0) Xk () e (2)

9 Wk(l) = W alkhl(i)
k

end for

(3-7) as

*

By (i) = Wi(i — 1) — 3% (0) (di (i) — Brewi (i — DR (i))
= Wi(i — 1) = X (0)dy (i) + o BE%s (0% () wi (i — 1)
= (Tar — e BEe (0)33(0) ) W0u (i = 1) = a5 (0) (9, K (1) W + i (1)
+ 1 37 (D)3 (1) W

= (Tar — e BER(0)%5.(0) )Wk (i = 1) = B 9 X0 (1) (1) W,
I

— W BrGdy Uy, (1) X5 (1) Wo — e B9, X0 (1) P (1) — f01 Bk, (1)1 (7)

+ 1B gz, X0 (135 (1)) Wo + 115, (1), () Wo
11

(3-24)

The choice of (B in (3-20) makes (3-9) approximately true. In order to reduce

the complexity of the model, we assume in the sequel that (3-9) is exactly true,
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so the instantaneous values of terms I and I7 in (3-24) are equal with different
signs and vanish for sufficiently large ¢ (our simulations in Sec. 3.7 show that
this approximation is reasonable). Then (3-24) simplifies to

hy (i) = (IM — ukﬁkik(z)fk(ZDVVk(Z — 1) = 1B gay, ey, (1) %5 (1) Wo (3-25)

= 16889, Xk (D3 (1) — 1118k, () (0)-
Therefore, the weight-error vectors of the combined estimates are given by

wi(i) = > anhy(i) = 3 ay (IM - Nl@?il(i)i?(i))wl(i —1)

leNy, 1ENE

— > auBiga Qe ()% (()Wo — > aupuBigexi(i)pi (i) (3-26)

leNy, 1eENE

= awuBidq, (1)p; (i)

lENk

Let us now define the following quantities

R = blockdiag {Rz,, ..., Ra, } (MN x MN)
B = blockdiag {511M, . ,5N1M} (MN x MN)
% = blockdiag { 5Ly, ..., 3T} (MN x MN)
G = blockdiag { gz, T, .., gmNIM} (MN x MN)

Y, = blockdiag {qxl )y Quy ()X N(z)} (MN x MN)
&, = col {x1()pj(i), . .. ,XN(i)p}‘\,(i)} (MN x 1)
¢ = col {du, (DP1(0), - Ay (i)Pi(0) } (MN x 1)
1n = col {gdlwo,...,ngwo} (MN x 1),

and write W; in a more compact form as

W = A(Tyy - MBR:)W,_, — AMBYn — AMBGE, — AMBC,.

Defining an M N x M N matrix D as follows:



Chapter 3. Distributed Quantization-Aware LMS Algorithm 47

D = E|A(Lyx — blockdiag{uu 7% ()%} (i), . .., v B3R ()% (1)} )]

= A(IMN - M%Rf)

(3-27)

and taking the expectation of Wle, we obtain

E[W,;W;| = E[DW, ;W] ,D’| + E[AMBC¢ 7" Y;B" M A"]
+E[AMBC B MTAT| + E[AMBGE £ G B  MT A"
+E[AMBGE T B' MT A”| + E[AMBY ¢ B" M” A"

+E[AMBY mgG"B' MT A| + E[AMBC &6 B" M A"
+E[AMBGE B M A + E[AMBY i Y;8" M7 AT,
(3-28)
We now use the commutative property of the expectation and vectorization

operations, and the relationship between the vectorization operation and the

Kronecker product, vec(ABC) = (CT ® A)vec(B), to write (3-28) as follows:
vec(€2;) = (D ®@ D) vee(Q2-1) + vec(E;), (3-29)

where 2, = E[WZW:‘} and =; denotes the summation of the second term to
the last one on the RHS of (3-28). Note that vec(£2;) is stable if and only if

the spectral radius of (D ® D) is strictly smaller than 1. Therefore, we obtain

lim vee() = (Liznz — (D@ D)) vee(Eiac), (3-30)

i——400

and vec(2) is given by
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vee(Eyoe) = lim vec(E:) = (A® A)
vec <MB (9E[e&]g" + B[xm x| + E[¢.¢]
+GE[&m Y| + E[Ting|G" + GE[£,¢;]
+E[¢£]G" + E[Tin¢;] + E[¢n Y]] ) BTMT>
~ (A®A)
vec (MB (QE €&]6" +E[ X Y| + E[¢.¢] > BTMT> ,
(3-31)

where under Assumptions 2 and 3, the expectations of the cross-terms vanish

and

]E[Ezgﬂ = diag {Rxlalgl’ T ’RINUI%N}

E[Yimn Y]] = diag {g3 Ry, (WiRa,Wo), - -, 95, R, (WiRay W, ) | (3-32)
E[¢,C;] = diag {Ry, 102, ..., Ry, w0l |-
The analytical computation of Rz, , R, », and 012% is detailed in Appendix A.
Therefore, the steady-state MSD at node k is given by
MSDy = lim E[[We(i)]*] = vec” (Cr @ Tr) vee(Q0)
1—+00
. —1
= vec (Ck®IM)(IM2N2 —(D@D)) <A® A)
vec (MB (gﬂ«: €.66" +E[xmm ;] +E[¢.]] ) BTMT> ,
(3-33)
where C, is an N x N matrix with zero entries and a single one on its kth
diagonal entry that selects the part of VVZW:‘ corresponding to the kth node.
It can be seen from (3-29) that, for 0 < pp < 1 and A with the entries ay
subject to (2-6), the eigenvalues of D ® D remain in the interval (—1,1), and

thus DQA-LMS is stable in the mean-square sense and (IMz N —(D® ’D)) in

(3-33) is nonsingular. The global MSD over all the nodes is given by
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1 X 1
MSDgiopar = 7 > MSDg = = Tr(€24.00). (3-34)
k=1

Remark 3: (High precision signals, b = co). Increasing the number of
quantization bits, the diagonal entries of G,, approach unity where for high
precision signals (b = 0o) with X = xj, we have G,, = I according to (2-33)
and R, , = 0 according to (3-5a), and consequently 8, (i) = I, from (3-20).
For b = oo we also have gy, = 0 and g4, = 1, and since pg (i) = gq4, 0% (%) + qa,, (7),
thus ng = U?;k' Therefore, for high precision signals, the third and fourth

definitions in (3-32) vanish, and with R = blockdiag{R.,,...,Ruy}, (3-33)

reduces to

MSD,, = vec? (Ck ® IM>
<1M2N2 — ((IMN —MR)® (Iyy — MR)(AR A)))l (3-35)

(A® A)vec (diag {,ufaglRm, ool /ﬁvawam}),

which is equal to the theoretical MSD of the standard DLMS. So, as we expected,
the MSD performance of DQA-LMS becomes closer to that of the standard
DLMS with the increase of the resolution of ADCs.

3.6
Computational Complexity

Table 3.1 shows the computational complexity of the DQA-LMS algorithm
in terms of the number of multiplications and additions at node k per time
instant, where n; is the number of neighbor nodes connected to node k. At
each time instant, DQA-LMS performs a few more operations (~ O(2%)) than
DLMS. Note that we compute g (i) online since this is more appropriate for
non-stationary input data. However, one can compute Gy offline if an estimate
of R,, in (2-33) is available. However, the extra complexity of DQA-LMS allows

the system to work in a more energy-efficient way.
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20

Table 3.1: Computational complexity of DQA-LMS algorithm per time instant

at agent k
Task +-— X =+ exp
52 3 3 0 0
ar (i) 2b 1 26+ 41 2641 | 20
B (i) 1 2 1 0
(i) M—1 M+1 0 0
e (i) 1 0 0 0
hp(i+1) M M +2 0 0
Wi (Z + ].) nkM nkM 0 0
Total (24+n)M+2°+3 | (24+n,)M+20H1 49 | 2642 | 20
Total (DLMS) (24 np) M (2+np)M +1 0 0
3.7
Numerical Results
Q
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(a) Distributed network (b) Input and noise variances

Figure 3.1: A wireless network with N = 20 nodes.

In this section, we assess the performance of the DLMS [14], DQA-
LMS [59] and AdDQA-LMS [60] algorithms for a parameter estimation problem
in an IoT network with N = 20 nodes. The impulse response of the unknown
system has M = 8 taps, is generated randomly and normalized to one. The

input signals x;(i) at each node are generated by a white Gaussian noise

2

z, and quantized using the Lloyd-Max quantization

process with variance o

scheme [46,47] to generate X (7). The noise samples of each node are drawn
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from a zero mean white Gaussian process with variance agk. Fig. 3.1 plots the

network details.
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Figure 3.2: MSD curves for DLMS and AdDQA-LMS algorithms.

The simulated mean-square deviation (MSD) learning curves are obtained
by ensemble averaging over 100 independent trials. We choose the same step
sizes for all agents, i.e., ur = 0.05. The combining coefficients a;; are computed
by the Metropolis rule (2-8).

The evolution of the ensemble-average learning curves, %E[HW(@)HQ], for
the ATC diffusion strategy with different numbers of bits is shown in Figure 3.2.

The theoretical MSD of the DLMS with the same step size p and the Metropolis

2

rule applied to a; is approximated by ‘;V—]Zf SN Ty,

[41] and shown by curve 1.
Curve 2 shows the standard DLMS performance assuming full resolution ADCs
to perform system identification. Curves 3, 5 and 7 show the MSD evolution
of the standard DLMS with low resolution signals coarsely quantized with
1, 2 and 3 bits, respectively. Curves 4, 6 and 8 show the MSD performance
of the proposed AADQA-LMS algorithm that improves the MSD for coarsely
quantized signals. The performance of the proposed AdDQA-LMS algorithm is

closer to the DLMS while it reduces about 90% of the power consumption of
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Figure 3.3: The MSD curves for the DLMS, DQA-LMS, and AdDQA-LMS
algorithms.
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Figure 3.4: The steady state MSD curves for the DLMS, DQA-LMS, and
AdDQA-LMS algorithms.
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ADCs in the network (see Figure 2.3).

In the next experiment, the MSD learning curves of the proposed AdDQA-
LMS and DQA-LMS are compared and the learning performance of the
algorithms is shown in Figure 3.3. It can be seen that the AdDQA-LMS
improves the estimation performance of the DQA-LMS while both outperform
the standard DLMS with low resolution signals coarsely quantized. Figure 3.4
shows the node-wise steady state MSD values of the proposed AdDQA-LMS,
DQA-LMS, and standard DLMS, by averaging the MSD values over the last
200 time samples.

To investigate the performance of the DQA-LMS algorithm for the system
identification setup with medium colored input, we use the same setup as in
Figure 3.1 and the input signals x4 (7) at each node are generated by passing
a white Gaussian noise process with variance o2, through a first-order auto-

regressive model with transfer function % where r,, € (0.3,0.5) are the

fR—
correlation coefficients. As we can see in Figure 3.5, the DQA-LMS algorithm
improves the MSD performance as compared to the DLMS algorithm for
coarsely quantized signals with medium colored inputs too.

In the next examples, we generate a network with N = 10 nodes to
evaluate the MSD performance of DLMS and DQA-LMS algorithms for different
signal-to-noise ratios (SNRs) adjusted for the network while nodes are working
under different SNRs, i.e., SNR at node k equals the SNR adjusted to the
network 420 %. The step-size is set to 0.2 for 1-bit quantization and 0.05 for
other curves. Figure 3.6 plots the network details and the results are shown
in Figures 3.7 and 3.8. In particular, Figure 3.8 compares the simulation
results with those obtained by the analytical expression in (3-34). The results
in Figure 3.8 indicate that the theoretical and simulated results agree well
especially for b = 3 and b = 4 bits, and for low to moderate values of SNR,

confirming the validity of the theoretical development. The node-wise theoretical

and experimental MSD values for different nodes and a moderate SNR are
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Figure 3.5: The MSD curves for the DLMS and DQA-LMS algorithms and
colored inputs.

compared in Figure 3.9. The results shown in Figure 3.9 show that the MSD
theoretical expression in (3-33) can accurately predict the MSD values.

3.8
Chapter Summary

In this chapter, we have proposed an energy-efficient framework for
distributed learning and developed the DQA-LMS algorithm along with bias
compensation strategies for IoT networks. The DQA-LMS algorithm has
comparable computational complexity to the standard DLMS algorithm while
it substantially reduces the power consumption of the sensors in the network by
using low-resolution ADCs. We also proposed the AADQA-LMS that iteratively
computes the bias compensation term and is a suitable choice for the systems
with delay line inputs. Simulations have shown excellent performance of DQA-

LMS and AdDQA-LMS as compared to DLMS for coarsely quantized signals.
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(a) Distributed network structure
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Figure 3.6: A wireless network with N = 10 nodes.
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Figure 3.7: Steady-state MSD values for the DLMS and DQA-LMS algorithms
for different SNR values.
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LMS algorithms for different SNR values.
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4
Distributed Quantization-Aware RLS Algorithm

In this chapter, we propose a distributed quantization-aware recursive
least-squares (DQA-RLS) algorithm. We start with the derivation of the
proposed DQA-RLS algorithm and present a statistical analysis of the proposed
DQA-RLS algorithm that focuses on the mean and mean-square performances.
In addition, we devise a bias compensation strategy and investigate the
computational complexity of the proposed and existing algorithms. In the
end, we assess the estimation performance of the DQA-RLS algorithm for a
distributed system identification setup with numerical results.

4.1
Derivation of DQA-RLS

We consider x(t) and dj(t) as the analog input and output of the unknown
system w, at node k. Let x;(i) and di (i) denote the digital versions of xy(t)
and d(t), and X (i) and di(i) denote the coarsely quantized versions of xj (i)
and dy(i), respectively.

We show next that a learning algorithm based directly on (2-10) is biased
for estimating w, and show how to correct for this bias. To this end, let
B.(i) be an M x M bias-compensation matrix to be computed and define

di(i) = wi(i — 1)B,,(i)%,(7). Thus, the error is given by

ex(i) = di(i) — di(i) = di(i) — Wi (i = 1) By (D)% (). (4-1)

As seen in (4-1), ex(4) is different from ey (i) = dp (i) — wi(i — 1)xx(4) in the
diffusion RLS (DRLS) [15].

Let us consider a network of N nodes distributed over an area as in

Fig. 2.1. At time ¢, we globally collect the quantized input regressors into a
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matrix X;, the quantized desired signal into vector d;, the noise samples into
vector v;, and the bias-compensation coefficients into the matrix 3, over all

nodes as follows:

X; = blockdiag{x;(i),...,Xy(i)} (MN x N)

Hi :COI{al(l),,aN(Z)} (N X ]_)
(4-2)
v; = col{wy(7),...,on (i)} (N x 1)
Bi = [B1(),...,Bn(7)] (M x MN).
We can write down the covariance matrix of the noise vector as follows
R, = E[v;v]] = diag{o} ,... 0, (N x N). (4-3)
Now we collect these data from time 0 to time ¢ as follows:
X, = blockdiag{X;,...,Xo} (MN(i+1)x N(i+ 1)),
Ei :COl{ai,...,ao}T (1 X N(Z+1)),
(4-4)
v; :COI{Vi,...,VQ}T (Ix N(i+1)),

where R, ; = E[v;v;]. Note that for the globally collected quantities we denote
time by a subscript, whereas for node-wise quantities we denote time by
parenthesis. Then, we estimate the M x 1 vector w, by solving the weighted

regularized least-squares problem given by

2
min HW — W‘ + ‘
w II;

o) (4-5)

where W is a given column vector, usually w = 0, II; > 0 is an M x M positive-
definite matrix that incorporates a regularization term ||[w — w||g, into the
least-squares problem, and 3; > 0 is an N(i+ 1) x N (i + 1) Hermitian positive-

definite matrix that incorporates weighting into the least-squares problem. The
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regularization and weighting matrices are given as follows
II, = \"'II and 3 = A, (4-6)

where 0 < XA < 1, IT = 6 I, with § > 0 as a positive constant, and
A; & diag{Iy,My,...,NIx}. Note that X; = R;}Ai and since the noise
variances are often unknown, we choose the weighting matrix as in (4-6).

We can rewrite (4-5) in the equivalent form

To solve (4-7), we reduce it to the standard least-squares form by introducing

the eigendecompositions of I1; as follows
II; = ¥, A, 97, (4-8)

where A; is diagonal with positive entries, and ¥, is unitary, i.e., it satisfies
U, =W'W, =1). Let A} /2 denote the diagonal matrix whose entries are
equal to the positive square roots of the entries of A;, and define the change of

variables

a £ aiAl/Q and L = .Bzfzj\zl/2 (4—9)

Using (4-9), we can rewrite (4-7) as follows

min {(w —w)'ILi(w — W) + ||la — W*L||2] (4-10)

w

Defining the change of variables

N v

ZEW-—W and f£a—wL, (4-11)

we can rewrite (4-10) as follows
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min [2' Tz + ||f — 2°L?]. (4-12)

Let AZ-I /% denote the diagonal matrix whose entries are equal to the positive
square roots of the entries of A;. Then using the eigendecomposition in (4-8),

we can write the equivalent form of (4-12) as follows

2
min [H {0 f} — 7" [\IJ;‘AyQ L] , (4-13)
which is a form of the standard least-squares
. * 2
min Hy —w HH , (4-14)

in which the roles of y and H are played by {0 f] and [\1}2‘ AL/? L}, respec-

(2

tively. All solutions w to the least-squares problem (4-14) are characterized as

solutions to the linear system of equations
w'HH" = yH". (4-15)

We replace y and H with {0 f] and {\IjjA}m L} in (4-15) to form the

solutions z to (4-12) as follows

([o o] -2 [war 1)) |wal® 1] -0 (4-16)

(2

Using z = w — w and (4-11) in (4-16), we can write the solution w to (4-12)

in a system of equations as follows
(w —w)*[II; + LL*] = (a — w*L)L", (4-17)
or in an equivalent form the solution w(7) is given by
w(i) = W + [II; + LL*] 'L(a — w*L)*. (4-18)

Using (4-9), the solution w(i) to the weighted regularized least-squares (4-5) is

given by
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w(i) = w+ (II; + Bizziij;)*l BX,%,(d - % B.X)

T (4-19)
To simplify, we use (4-6), assume the given column vector w = 0, and write an

exponentially weighted version of (4-19) as follows

*

w(i) = (NI + B XA X, «B;) BX.Ad,. (4-20)
To form the recursions, we introduce P; as follows
P, = (W' I+ BXAX,B;) . (4-21)
and write down (4-20) as follows
w(i) = P;B;X;Ad, . (4-22)

We then reformulate the global least-squares solution in (4-22) as a local
least-squares solution where nodes have access to limited data from their
neighbors in the diffusion scheme [15]. In this scheme, nodes update their local

intermediate estimates hy(i) following (4-22) which yields
b (i) = P (0) Bi(0) X1 (0) A ()i (0), (4-23)

where

Py(i) = (NIL+ By (i) X4 (i) Au(i) X5 (1) By())

and X (i), di(i), and By(i) are the collected quantities from time 0 to time i
at node k.
At the combination step, the nodes communicate their local intermediate

estimates with their neighbors and provide a combined estimate wy (i) as follows

wi(i) = > auwhy(i), (4-24)

lENk
where N} is the neighborhood of node k (possibly including itself) and the

combination coefficients, a;, of neighbor nodes on node k are chosen such that
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alkZOifléNk,(llk>Oifl€Nk, andz ay, = 1. (4—25)
lENk

To form the recursion, we compute Py (i) from P (i — 1) as follows

Pyl (i) = AN+ By (i — D)X 1(i — 1) Aw(i — )X, (i — 1) Bj(i — 1))
+ By (1)% (1) %, (1) B (0) (4-26)
= AP (i — 1) + By (0)%k (1)%; (1) B (4).-

Using the matrix inversion lemma
(A+ BCD) ' =A"1'—A'B(C'+ DA 'B)"'DA™ !,

and the assignments

A AP (i), B« B,(1)%x(i),

C 1, D« X3(1) B (4),

we obtain the recursion for updating P(i) given by

(B (PGi — 1)
(- D8, (%00 )'<4'27>

AP (i — 1), ()% i
L+ A T%4(0) 81 ()P

Py(i) =" (Pk(z—m—
To form the recursion for hy(7), we rewrite (4-23) as follows
h (i) = Py(i) <Bk(z — D)X i(i — DAAR(i — D)dy(i — 1) + ﬁk(z)xk(z)dk(z)>
= P,(i) <P,;1(z' —DP(i — 1)By(i — DX 4 (i — DAAR(i — 1)d, (i — 1)
+ BT )
(4-28)
From (4-26), we have P '(i — 1) = A\~ ( 1) — By (1) X (i )22(1)52(2)) Then
considering hy(i — 1) = Py(i — 1)By(i — 1) X (i — 1)Ag(i — 1)d,(i — 1) from

(4-23) and the fact that Py is a symmetric matrix, we can write (4-28) as

follows
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hy (i) = Py(i) Py (i — DA (i — 1) + Py(8) 8, (6) %5 (1) dy (i)
= hy(i — 1) — Py (i) B ()5 (1) %5 () 87, ()hy (i — 1) + Pr(4) B (1)K (1) (1)

= hy(i — 1) + Py(i) B, (0)% (1) (4 (i) — %5.(1) B3 (1) hy (i — 1)).
(4-29)

Note that with diffusion, at time instant ¢, each node uses its combined estimate
wyi(i — 1) instead of intermediate estimate hi(i — 1) to update hy(7). This
allows the combined estimates diffuse into the network. We then update hy(7)
as follows

hy (i) = wi(i — 1) + Py(i) B (1)Xk (i) ey (4), (4-30)
where
er(i) = di(i) — Wi (i — 1) B, ()X (1) (4-31)
The next section shows how the bias compensation £, (i) should be chosen
such that (4-24) is asymptotically unbiased in the mean.

4.2
Essentials of Analysis

In this section, we present some assumptions and definitions for the
statistical analysis of the proposed DQA-RLS algorithm that focuses on the
mean and mean-square performances.

Combining (4-6) with (4-26), we can write P} '(i) as follows:

Pl (i) = AP (i — 1) + By (1) % (1)%5,(1) B3 (9)

o (+2)
= XTI+ Y N7 B (7)%k ()% (1) B ()

=0
We aim to evaluate the mean behavior of the matrix Py (7). Choosing 0 < A < 1,
as i — oo, the steady-state mean value of P, (i) is given by

BB, (%R GIEG)
i EP-1()] — BRI )BRG)]

—1 _
lim_ T P (4-33)

To start the analysis, we need to introduce some assumptions similar
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to those often used in the analysis of adaptive algorithms in the literature.
Simulation results show that the results obtained under the following assump-
tions correspond well with real performance of the DQA-RLS algorithm, for
stationary data and for a forgetting factor close to unity.

Assumption 1: The input regressors x (i) are zero-mean with covariance
matrices R,, = E[xx(i)x}(7)] and temporally independent. This assumption

also applies to the additive noise sequences v (i) with variance aﬁk and the

quantized regressors Xj(i) with covariance matrices Rz, = E[X; ()X} (7)].
Moreover, covariance matrices are time-invariant and all data is assumed
spatially independent.

Assumption 2: The matrix Py(7) varies slowly in relation to wg(7)
and wg(i). Thus, when they appear inside the expectations we decouple
their expected values [45,61]. Note that this a common assumption for the
performance analysis of RLS-type algorithms for A close to unity. This also
applies to G, since (2-33) is based on the statistics of x (7).

Assumption 3: There is an iteration number ig such that for all ¢ > i,
the time-averaged matrices Py(i) and P, (i) can be replaced by their expected
values, E[P(7)] and E[P, '(i)]. Note that such replacements are commonly
used in the performance analysis of RLS-type algorithms, see [15,21,28, 58],
ie.,

E[P.(i)] ~ P, and E[P, '(i)] ~ P, . (4-34)

To analyze the mean and mean-square performance of DQA-RLS, we use

the weight-error vectors

wi (1) = w, — Wi (1), and hy (i) = w, — hy(3). (4-35)

The performance of bias-compensated-type adaptive filters is usually compared

in terms of the mean-square deviation (MSD) [22], defined by

MSDy £ lim E[|W,(0)]*] = E[ Tr (%5 (0)Wi(1))] (4-36)

i
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We also define the following matrices:

A=Al (MN x MN)
(4-37)

W, = col {1(i),...,Wx(i)} (MN x1).

4.3
Mean Performance Analysis

We assume that the input signal at each node is Gaussian with zero mean
and covariance matrix R,, for k =1,2,..., N. We can now decompose Xj(%)

and d(7) as

di(1) = ga,di (i) + 4, (1) = ga, Wixr (@) + p(i), (4-38b)

where py (i) = ga, vk(i) + ga, (7) is uncorrelated with x,(7). Note that G,, and
ga, are built based on xi(7) and di (i), respectively. Using the decomposition

model in (4-38a), we can rewrite the error in (4-1) as follows
er(i) = di(i) — wi(i — 1)B (1) % (i)
= ga,wixi(i) + pi(i) = Wi(i — 1)B4 (i) (GuXn(0) + da, (1))
= 9y WoXk (1) = Wi (i = 1) By, (1) Gy Xk (1) — Wi (i = 1)), (4) + pi(2).

(4-39)

Combining (4-39) with (4-30) and subtracting from w, yields
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) = Wa(i = 1) = Pu(i)B,(0)( Gae(i) + a1, 1)
(X030 = X5(0)G B DIWili = 1) = a2, (DB (wili = 1) + pi(0) )
= Wi(i 1) + Pu(D)B, (1) G X4 X3 (1) G B0 Wil — 1)
+ P00, ()6, (DBLWG — 1) = Prli) B (1) G001 (1), o
+ P80 G (0)a, (DB Wi — 1) = Prli) B G Xe (D1 (1)
+ Pu0)B0) (550G B0 wili — 1) = Pali) Byli)et, ()5 (1), o

— Pi(i)81,(1) . ()15, (2)-

(4-40)

The errors py, q,,, and the regressors x;, are assumed statistically independent,
so that the expectation of the cross terms vanishes. Taking the expectation

from the remaining terms in (4-40), we obtain
E|hy(i)| = E[Wi(i — 1)] — E[Px(i) 8,(1) G, Xk(1) x5 (1) ga, | Wo
B[P0 (G100 G, + (), () 8500w - 1]
(4-41)

Let us define two M x M matrices that include terms multiplied by wy(i — 1)

and w, in (4-41) as follows:

O4(1) 2 Py(i)B(1) (G i ()X (1) G, + i, (0)et, (1)) B3 0)

Li(i) £ Pi(i) By (1) Gy Xk (1)X5 (1) a, -

(4-42)
We show next that a necessary but not sufficient condition to have an
asymptotically unbiased solution in the mean is that

E[©4(i)] = E[T4(i)]. (4-43)

and we show in the next section that this condition is possible by appropriately

choosing (7). Assuming (4-43), we can write (4-41) as follows
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E[hi(i)] = E[Wi(i — 1)] — E[©4()|E[Wx(i — 1)]. (4-44)

From (4-32) and (4-33), we can verify that for sufficiently large ¢ under
Assumption 3, we have

E[©4(i)] =1 - ). (4-45)
We now apply the weight-error vectors to the combined estimates (4-24) and

obtain

Wi(i) = > aghy(i), (4-46)
leN,

and taking the expectation from both sides of it and using (4-44) and (4-45),

we arrive at

E[w(i)] = ZN an(1 = NE[W(i — 1)]. (4-47)

For the global estimates and ¢ > 7y, we have
E[Wz] =(1- /\)AE[Wi_l] =(1- )\)i_iOAi_iOE[Wio]. (4-48)

Observing (4-48) and recalling that the spectral radius of A (i.e., the largest
eigenvalue in modulus) is equal to one [41], we can state that for sufficiently
large ig (or equivalently in adaptive filtering, when the algorithm reaches the
steady-state), assuming Wio is element-wise bounded by some finite constant
and regarding (4-25), for 0 < A < 1, the term on the right-hand side of (4-48)
converges to zero and DQA-RLS is asymptotically unbiased in the mean.

4.4
Bias Compensation

In this section, we derive an expression for the bias compensation term
B (i) such that (4-43) is true and (4-24) is asymptotically unbiased in the mean.
From (4-42) and (4-43), we must have

E [Py(0)B(1) (G u()X3 (1) Gy, + i, (), (1) B3 0)

(4-49)
— B| Pu(i)B1(1) G500 (1)

Under Assumptions 2 and 3, we can write (4-49) as follows
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(G B [xu(0)x3(0)] Gy + a1, (), ()] ) Bi (1) = Gy B[ (0130 g4,
(4-50)

Therefore, the bias compensation term is expressed by
~1
Bi(1) = B, = 94, R, Gu, (kakaka - R%k) , (4-51)

which needs an M x M matrix inversion at each time instant i if xj(7)
are nonstationary and, moreover, we realize 3, € RM*M ig time-invariant
for stationary inputs. In what follows, we show how to compute the bias
compensation term to reduce the complexity of our proposed algorithm.

Remark 1: (Stationary data). When the input regressors xx (i) are wide-
sense stationary, we use Ry, = E[x(i)x}(i)] =~ 02 Iy and the matrix G,
reduces to g, Iy with g, estimated as follows

.2 2

-1 g T
,/g\m (Z) — — 7 <€ U%k —e J:%k >, (4_52)
NG IR

where 8§k is an instantaneous approximation to Jik given by:

—_

G2 =02 +0.. (4-53)

/\2 . . /\2 . . .
where &7, is given by (2-35). To compute 6z, which is given by (3-18), we use
the iterative recursion (3-19) to reduce the computational complexity of our

algorithm. Therefore, the bias compensation term is given by

Buli) = fu(i)Ly = x 9 ),

(4-54)

Remark 2: (One ADC for each node). To reduce the complexity of our
algorithm, we design only one ADC to quantize both the input regressors and
desired signals. This also covers the network with nodes in which the two ADCs
use the same set of thresholds and the same set of labels. Then g,, and g4, can

be considered equal and the bias compensation term is given by
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Algorithm 4: DQA-RLS algorithm at agent k

input _: Initial values wy(—1) € RM combination matrix A,
52 (-1)=0,0<7<1,0< A< 1and Py(~1)=1I"

Generate T, and Ly, and Compute 7, from (2-35)

output : wy(7)

1 for:=0,1,2,... do

2 data: di(i) and X (i) = [Tx (i), Zp(i — 1), ..., Tp(i — M + 1)]T

s 02, () =705, (i — 1) 4+ (1L — ) |7(0) ]
4 agk = agk (1) + 83k
2b_q __J __J+1
~ _ 1 L( 2 2 )
5 gl‘k(z) E%k JEO v e Tk e M
. 92, (i)o2
o Bl =gGm i

9 k
7 ep(i) = di(i) — wi(i — 1)Br(4)%k(2)
N . Py (i—1)Br (1) Xk (4)X, () B (1) Pr (i—1)
8 Py(i) = 5 (Pk(z -1)— MR (0B ()P (1= 1) B (%1 () )

o hy(i) = wi(i — 1) + Py(i)B(i)%x (0)ek (4)

10 Wk(l) = lg\:f alkhl(i)
k

end for

B0
2,00, + 32,

B i) Ly (4-55)

This is the simple version of the bias compensation term that we use in the
proposed DQA-RLS algorithm which is detailed in Algorithm 4, and as we
show in the simulation results, its MSD performance is better than that of the
DRLS algorithm with coarsely quantized signals even for colored inputs and
imperfect gain control (2, # 1).

4.5
Mean-Square Performance Analysis

In this section, we carry out a mean-square performance analysis and
discuss the steady-state behavior of the DQA-RLS algorithm. We first write

(4-40) as
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hy (i) = Py(i)P; (i)W (i — 1) — Py(i) B,%5(i)dy (i)

(4-56)
+ Py (1) 8% (1)1 (1) By, wi (i — 1).
Using (4-32), we obtain
i) = Pu(i) VP (i = DFli — 1) = Pu(i) 8,5 0) (1)
+ Pui)B 0K DB] (Wi — 1) + wili — 1)) (4-57)

= AWk (i — 1) = Pr(0) B X (0) 4 (1) + Pi(i) 8130 (1)%5, (1) B, Wo
We now use (4-38a) and (4-38b) to write (4-57) as follows

hy (i) = AWy (i — 1) = Py(§) B4, Gy x5 (8) X5 (1) g wo
— Pu(2) B4 Ga, Xp(1)p1 (i) — Pr(i) B1Gay ()% (1) ga, Wo (4-58)

— Pu(0) By, ()P} (0) + Po(0) B ()% (1) B wo.

In order to simplify this expression, we assume that the choice of 3, in (4-55)
makes (4-51) approximately true, so that we can approximate the instantaneous
values in the second and sixth terms on the RHS of (4-58) to be equal with
different signs and to vanish for sufficiently large ¢ (our simulations show that
this approximation is reasonable). Therefore, the weight-error vectors of the

combined estimates in (4-46) are given by

Wi(1) = A D0 anwi(i — 1) = > awPiB Gy xi(i)pj (i)

lEN, 1EN}, (4_59)
= > anPiBide i ()] (1)9a,Wo — Y anPiB8qa(1)p; (7).
1EN} leN

Let us now define
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P = blockdiag {Py,..., Py} (MN x MN)

B = blockdiag {8, .., ﬁN} (MN x MN)

G = blockdiag {G Gay | (MN x MN)
= blockdiag {1 ()%} (i), ..., ey (D)X} (1)} (MN x MN)

& = col {xi()pi (i), ... ,xN<z'>p7v<z'>} (MN x 1)

¢ = col {1 ()P} (i), -, e ()P () } (MN x 1)

1 = col {ga, Wo, .., i Wo } (MN x 1),

and write WZ in a more compact form as
W, = \AW,_, — APBG¢, — APBYm — APBC,.

Taking the expectation of WZW;‘, we obtain

E[W;W;| = VE|AW, ,W; | A"| + E[APBGE LG B P A"
+E[APBYmn Y;B" P A"| + E|APB( (B P AT
+E[APBGEn Y B P A"| + E[APBYing; "B P A"

+E[APBGE (B P AT | + E[APBCE G B P A"

+E[APBYn¢; B P A"| + E[APB¢n Y B P A",
(4-60)

We now use the commutative property of the expectation and vectorization
operations, and the relationship between the vectorization operation and the

Kronecker product, vec(ABC) = (CT @ A) vec(B), to write (4-60) as follows
vec(;) = N (A® A) vec(Q;_1) + vec(E,), (4-61)

where ; = ]E[WZW;"} and E; denotes the summation of the second term to
the last one on the RHS of (4-60). Note that vec(€;) is stable if and only if the
spectral radius of A?(A ® \A) is strictly smaller than 1 or |A\] < 1. Therefore,

we obtain



Chapter 4. Distributed Quantization-Aware RLS Algorithm 72
hin vec(§2;) = (IM2N2 - V(A A))il vee(E o) (4-62)
i——+00

For sufficiently large 7, taking into account Assumption 3 and (4-33), we have
-1
Py =(1-))[BRaBy]
thus vec(E, ) is given by
vee(Bi o) = lgrn vec(E;) = (1 - )1)*(A®.A)
vec (Bw (QE ££|G" +E[Ximm Y]] + E[¢C
+GE[en Y]] + E[Ting!|G" + GE[¢.¢]]
(4-63)
+E[¢&]6" + E[Tin¢;| + E[cin*rﬂ)R;B—l>
~ (1 -AN)?*(A® A)vec (B_l'R%l (QE [Eisﬂ g’
+ B[ i Y] +E[cicﬂ)7&;18-l>,
where under Assumptions 2 and 3, the expectations of the cross-terms vanish

and

Rz = blockdiag 1 Rz,, . .. }

Eles }

{Re,
{

[ inm T*} = blockdiag {g R, (W Rzlwo) ...,ggNqu’N<WZR$NWO)}
{Ra.

blockdiag { Ry, 02, ..., Rayos, }

17 p1? TNY PN

{ } = blockdiag

2
qx NUPN}

(4-64)

The analytical computation of Rz, , R, », and agk is detailed in Appendix A.

Therefore, the steady-state MSD at node k is given by
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MSDy, = lim E[||w(0)|%] = vec’ (Cr ® Iy ) vee(Q400)
— (1= A ved” (Cro L) (Lipn: — N(ASA) (A0 A)
(Bw (QE ££|G" +E[Ximm Y| + E[¢C] )wzs) ,

(4-65)

where Cy, is an N X N matrix with zero entries and a unity on its kth diagonal
entry that selects the part of W,Wf corresponding to the kth node. It can
be seen from (4-61) that, for 0 < A < 1 and A with the entries aj; subject
to (4-25), the eigenvalues of A2A ® A remain in the interval (—1,1), and thus
DQA-RLS is stable in the mean-square sense and (IM2N2 - NMA® A)) in

(4-65) is nonsingular. The global MSD over all the nodes is given by
MSDgiobal = e i\/: MSD; = e Tr(Q00). (4-66)

N = N
Remark 3: (High precision signals, b = co). Increasing the number of
quantization bits, the diagonal entries of G,, approach unity where for high
precision signals (b = 0o) with X = xj, we have G,, = I according to (2-33)
and R, » = 0 according to (4-38a), and consequently 8, (i) = I from (4-55).
For b = oo we also have g4, = 0 and g4, = 1, and since pg (i) = g4, v%(2) + qa,, (7),
2

thus o, = U?;k' Therefore, for high precision signals, the third and fourth

definitions in (4-64) vanish, and (4-65) reduces to

MSDy = (1 = A)*vee” (C ® Ly ) (Lugzne — N2(A© A))
(4-67)
(A®.A)vec (diag {R;llail, . ,R;iai]v}),

which is equal to the theoretical MSD of the standard DRLS. So, as we expected,
the MSD performance of DQA-RLS becomes closer to that of the standard

DRLS with the increase of the resolution of ADCs.
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4.6
Computational Complexity

Table 4.1 shows the computational complexity of the DQA-RLS algorithm
in terms of the number of multiplications and additions at node k per time
instant, where n; is the number of neighbor nodes connected to node k. At
each time instant, DQA-RLS performs a few more operations (O(M + 2°))
than DRLS, which does not change much the computational complexity that
is in the order of O(M?). Figure 4.1 shows a comparison of the computational
complexity of the DQA-RLS and DRLS algorithms for different filter lengths
in terms of the number of multiplications/divisions and additions/subtractions
assuming ny, = 3 in average for each node k. As we can see, by increasing the
filter length the number of operations will increase while the computational
complexity of DQA-RLS still remains close to that of DRLS. For instance, for
M = 32 in Figure 4.1, DQA-RLS with low-resolution quantized signals adds 1%
extra multiplications/divisions to DRLS with full resolution signals while the
number of additions/subtractions operated by DQA-RLS remains very close to
that of DRLS. Note that we compute g4, online since this is more appropriate
for non-stationary input data. However, one can compute G,, offline if an
estimate of R,, in (2-33) is available.

4.7
Simulation Results

In this section, we assess the estimation performance of DQA-RLS for
a system identification setup in a network with N = 10 nodes. The impulse
response of the unknown system has M = 8 taps, is generated randomly
and normalized to one. We design the ADCs for all nodes with a set of
thresholds 7, = {79, ..., 7} and labels £, = {lo,...,l»_;} using the Lloyd-
Max algorithm [46,47]. The input signals x4 (i) at each node are chosen as
Gaussian 1.i.d. with a covariance matrix R,, = Uy diag{s; } U} where Uy is an

M x M random unitary matrix and s is an M x 1 vector with random entries
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Table 4.1: Computational complexity of DQA-RLS algorithm per time instant
at node k

Task +— X = exp
a2 (i) 2 3 0 0
2, (i) 1 0 0 0
Gay, (1) 2b -1 20+ +1 2641 | 20
Br(i) 1 2 1 0
ex (i) 4M AM + 2 0 0
P(i) 8M? +2M —1 | 10M?+6M +2 1 0
hy, (4) 4M 4AM +2 0 0
wi(7) 2n, M dng, M 0 0
Total 8M? 420 + 2+ | 10M2% + 2714 2043 | 20
(2ny, + 10)M (4ny, + 14)M + 12
Total (DRLS [15]) | 8M? — 1+ 10M%+ 1 0
(2ny, +10)M (4ny, + 14)M

between 0.5 and 1. The noise samples of each node are drawn from a zero mean
white Gaussian process with variance agk. The input regressors and desired
signals are quantized with 7, and L, to generate X;(i) and dy(i). Figure 4.2
plots the network details.

The simulated MSD learning curves are obtained by ensemble averaging
over 100 independent trials. The steady-state MSD values are obtained by
ensemble averaging over 100 independent trials over the last 200 samples. The
combining coefficients a;; are computed by the Metropolis rule [41], v = 0.9 and
A = 0.99. We have compared the proposed DQA-RLS [62] in Algorithm 4 with
DRLS [15], DLMS [14], and DQA-LMS [59]. The curves with full resolution
DRLS and full resolution DLMS legends refer to the case where the input signals
xx (1) and desired outputs di(i) are not quantized and used as high precision
data for the estimation task by DRLS and DLMS algorithms, respectively,
whereas other curves are generated with b-bit quantized X (i) and dj (i) as the
coarsely quantized data.

Figures 4.3 and 4.4 show the global MSD learning curve (average MSD
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Figure 4.1: Number of operations per node versus the filter length for n; = 3.
among nodes) and the node-wise steady state MSD values obtained from
simulations for DRLS and DQA-RLS using different numbers of bits. Curve
1 shows the standard DRLS performance assuming full resolution ADCs to
perform estimation. Curves 2, 4 and 6 show the MSD evolution of the standard
DRLS with signals coarsely quantized with b=1, 2 and 3 bits, respectively.
Curves 3, 5 and 7 show the MSD performance of the proposed DQA-RLS
algorithm that improves the MSD performance for coarsely quantized signals.
The performance of the proposed DQA-RLS algorithm is closer to the DRLS
while it reduces about 90% of the power consumption related to the ADCs in
the network (see Figure 2.3).

In the next two examples, the MSD performance is evaluated for different
signal-to-noise ratios (SNRs) adjusted for the network while nodes are working
under different SNRs, i.e., SNR at node k equals the SNR adjusted to the
network 20 % and the results are shown in Figures 4.5 and 4.6. In particular,
Figure 4.6 compares the simulation results with those obtained by the analytical
expression in (4-66). The results in Figure 4.6 indicate that the theoretical and

simulated results agree well especially for b = 3 and b = 4 bits, and low to
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Figure 4.2: A wireless network with N = 10 nodes.

moderate values of SNR, confirming the validity of the theoretical development.
The node-wise theoretical and experimental MSD values for different nodes for
a moderate SNR are compared in Figure 4.7 and authenticate the validation of
the MSD theoretical expression (4-65).

In Figures 4.8 and 4.9, the MSD learning curves of the proposed DQA-RLS
are compared with those of DQA-LMS [59], standard DRLS [15] and DLMS
algorithms [14]. We choose the same step sizes for all agents, i.e., ux = 0.05
for DLMS and DQA-LMS algorithms. It can be seen that the DQA-RLS
algorithm improves the estimation performance of the DQA-LMS algorithm
while both outperform the standard DRLS and DLMS, respectively, with
coarsely quantized signals. According to curves (3) and (4) in Figure 4.9, in
applications in which computational complexity is not a bottleneck, one can
use DQA-RLS with 2-bit quantization to achieve the estimation performance
of full resolution DLMS and save a large amount of energy consumption of the
ADCs.

4.8
Chapter Summary

In this chapter, we have proposed an energy-efficient framework for
distributed learning and developed the DQA-RLS algorithm along with bias

compensation strategies for IoT networks. The DQA-RLS algorithm has
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comparable computational complexity to the standard DRLS algorithm while
it reduces the power consumption of the sensors in the network by using low-
resolution ADCs. We have also carried out a statistical analysis of the DQA-RLS
algorithm deducing a stability condition and an expression for the mean square
deviation (MSD). The derived analytical expressions have been shown to
accurately predict the MSD of the DQA-RLS algorithm. Numerical results
have shown the excellent performance of DQA-RLS algorithm as compared to

the standard DRLS algorithm for coarsely quantized signals.



5
Quantization-Aware Federated Averaging LMS Algorithm

In this chapter, we present the derivation of the proposed QA-FedAvg-
LMS algorithm and present a statistical analysis of the QA-FedAvg-LMS
algorithm. In addition, we devise a bias compensation strategy and investigate
the computational complexity of the proposed and existing algorithms. We
assess the estimation performance of the QA-FedAvg-LMS algorithm for a
parameter estimation setup with numerical results.

5.1
Derivation of QA-FedAvg-LMS

Device N Device 1

D Server . D
‘:ﬁwl\* /

(®) e

@ ﬂ Device k: Dy(i) = {X(i),di(i)}  Device 2 ﬂ @)

(a) Federated learning setup (b) IoT device k

Figure 5.1: A federated IoT network

We consider an IoT network that is working under the federated learning
setup, as illustrated in Figure 5.1a, where N IoT devices are working under the
supervision of a server to complete a task. Let us consider x;(t) and dj(t) as
the analog input and output of the unknown system w, at [oT device k. Let

x; () and dj (i) denote the high-precision sampled versions of x,(t) and dg(t),
and X (i) and dy(i) denote the coarsely quantized versions of x (i) and d(3),
respectively, as shown in Figure 5.1b.

Let 8,(i) be a bias compensation coefficient to be chosen, define dy (i) =

Br(i)w*(i — 1)X(¢) and construct an MSE cost function as described by
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Jr(w(i = 1)) = Ellex() ] = Ell|dx (i) — di()]]°]

= E[l|di(i) — Be(i)w* (i — 1) (i)]1%],

(5-1)

which is defined based on the quantized data samples dj.(i) and X (i), and a
bias correction term (7). The gradient of (5-1) with respect to w*(i — 1) is

given by:
Vie(w(i = 1)) = = B(1)%e (1) (di (1) — Br(i)w™ (i — 1)K ()" (5-2)

Replacing (5-2) into (2-20) and using (2-21), we obtain the QA-Fed Avg-LMS

algorithm as follows:

Wi (i) = w(i = 1) + e ()X (i) e (1) (5-3a)

w@:$;wm% (5-3b)

where e (i) = di(i) — Br(1)w*(i — 1)X,(7) is the estimation error. We call
(5-3a) and (5-3b) the adaptation and averaging steps which are performed on
the devices and the server, respectively. The next section shows how the bias
compensation (i) should be chosen such that (5-3) is asymptotically unbiased
in the mean.

5.2
Mean Performance Analysis

To start the analysis, we use the following assumption that is very common
in parameter estimation [55,56,57] and adaptive signal processing [58].
Assumption 1: The input data regressors xj(i) are zero-mean with

covariance matrices R,, = E[x(7)x} ()] and temporally independent. This

2

assumption also applies to the additive noise sequences vy (i) with variance o7 i

and the quantized regressors X (¢) with covariance matrices Rz, = E[X; ()X}, (7)].
Moreover, covariance matrices are time-invariant and all data are assumed

spatially independent.
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To analyze the performance of QA-FedAvg-LMS, we use the weight-error

vectors defined as:

wi (i) = w, — Wi (1), and W, = w, — w(i). (5-4)

Under Assumption 1, if the entries in the input regressors x (i) are uncorrelated
and with equal variance, we have R, = E[x(i)x;(i)] = 02, In; and the matrix
G., reduces to gy, Iy Let us denote Ry, = Elq., (1)q;, (7)] = 77 Iy where 57,
is given by (2-35).

Using (2-32), we can decompose X(i) and dy(i) as follows:

ik(z) = Gz, Xk (2) + Qg (2)7 (5'5)

di(1) = 9a,di (1) + 44, (1) = ga, Wixr (i) + p(3), (5-6)

where pi (i) = g4, vk (7) + qa, (7). Using this decomposition, we write the error

ex(7) as follows:

er(i) = di(i) — Be(i)w* (i — 1)Xx(i)

= 9, Wik (1) + pi(i) = Br(i)W" (i = 1) (g X0 (0) + iy (0))

(5-7)

Replacing (5-7) into (5-3a) and subtracting from w, yields
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Wi (i) = Wio1 — 8% ()€ (1) = Wiy — pBr(8) (guXn () + (i) e (4)
= Wit = 000(0) (92,90, X6 )XW + 92,31

— @ Bx X)Wl = 1) = g Se(Dxuli)ets, (Wi — 1)

+ 90,0 (150 Wo 1y (D1(0)

= 9uu D) (DX (DW= 1) = i), (), ()i~ 1))
= Wit = 000 0) ( (92090, 01(0) + 90,1 (D10 e

S GO QRO RN GE MG

+ 0o B ()30 (D), (1) + B0t () et (1) Wi — 1)

+ guXk()pr() + i, (Dr(0)) (59)

We take the expectation from both sides of (5-8). Since x4(i), g, (7), and
pr(i) are uncorrelated pairwise, the expectations of these cross terms vanish.

Considering this, we obtain

Bl (9)] = B 1) — 00 (E [, 000 (D1 0) wo
— E[(02, B (00 (0)51(0) + Bui) oy (i)ets, (1) ) w(i — 1)
(o @, (1)1, (1)) ) .
= Efi-1] — o 92,90, 50 R, w,

— (92, B2 R, + BE(I) Ry, ) E Wi — ”D‘

In the last line of (5-9), we use a common assumption that states that x/(7)
varies slowly in relation to w;_; [58]. Thus, when they appear inside the
expectations we decouple their expected values. This also applies to q,, (i) in
relation to w;_;.

We show next that a necessary but not sufficient condition to have an

asymptotically unbiased solution in the mean is that

929451 () Rar, = g3, B (1) Ray, + B(1) Ry, (5-10)

and we show in the next section that this condition is possible by appropriately
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choosing f (7). Assuming (5-10) and using (5-4), we can write (5-9) as follows:

E[wi(i)] = (s — g, 9o, O ()R, ) E[Wi 1], (5-11)

Subtracting w, from both sides of (5-3b) we observe that adding (5-11) results

in the recursion

Bl = (T = 5 3 g g 1R, L] (5-12)

N*

We now define the following matrices:

1 T
H = (N]lN ®1y) (M x MN)
M = blockdiag{ I, ..., unIns} (MN x MN)

R, = blockdiag{g., 94, 51 (1) Ry, - - -, Gun Gan On (D) Ray} (MN x MN)

Wi =col{W(i—1),...,w(i—1)} (MN x 1),
and write the global form of (3-11) as follows:
E[W,] = H(Tuy — MR, )E[W,_4]. (5-13)

The necessary and sufficient condition to ensure the mean stability of the
network, i.e., E[w;] — 0 as i — oo is to have p(?—[(IMN — M’Rx)> < 1. Since
the spectral radius of H is less than one, we must have p(I MN — MRQ;) < 1.

Therefore, the stability condition for QA-FedAvg-LMS is given by

0 < < (5-14)

)\max (Rx) ’

where Ap.x is the largest eigenvalue of R.,.

5.3
Bias Compensation

From (5-10), we must have

—1
Bk(lﬂM - gmkgdkaBk (gikaEk + R%) : (5_15)
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Therefore, the bias compensation term is expressed by

2

. 92,94, 0%
= =
T Tk qk

(5-16)

Remark 1: (One ADC for each sensor). To reduce the cost and energy
consumption of sensors, we consider one ADC to quantize the measurement
data {x4(7),dg(7)}. Then g,, and g4, can be considered equal and this reduces
the complexity of our algorithm as well.

Remark 2: (Approximation of data variance). Since the devices receive
quantized data and have access to the covariance of the quantized data,
Rz, = E[X,(i)X;(i)] = 02, Iy, we approximate the variance of high precision
data as follows:

G2 =062 +052 (5-17)
where 77 is given by (2-35). To compute &2, which is given by (3-18), we use
the iterative recursion (3-19) to reduce the computational complexity of our

algorithm. Therefore, at each data sample i, the bias correction term is given

by: 5 o

E= o
2 ~2 2
gzko-xk + JQk

The QA-FedAvg-LMS algorithm is summarized in Algorithm 5.

(5-18)

54
Mean Square Performance Analysis

In this section, we carry out a mean-square performance analysis and
discuss the steady-state behavior of the QA-FedAvg-LMS algorithm. We first

write (5-8) as follows:
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Algorithm 5: QA-FedAvg-LMS algorithm

input :Initial value w(—1) € RM, step-size i, o2, (—1) = 0 and
Ik«y<l1
Generate T, and £;, and Compute 7, from (2-35)

output : w(i)
1 for:=0,1,2,... do
2 for device k =1,2,..., N in parallel do

2 data: di.(i) and Xx(i) = [Tx (i), Zp(i — 1), ..., Tp(i — M + 1)]T
3 62, (i) = 702, (i — 1) + (1 = ) [z (i) ]

4 o; =0z (i) + a5

72 72+1
5 g:ck(z)_ 12 Z %(e Sy — Ik)
Tz 7=0
. 92, 02
6 Bk(l) ) Ug +k02

7 ex (i) = di (i) — Br(i)w* (i — 1)% (i)

8 wi (i) = w(i — 1) + k(1) x5 (2) € (7)
end for
N
10 Server sends w(i) = + > wy, () to all devices
k=1
end for

*

Wi (i) = W(i — 1) — B (i) (di (i) — Bew™ (i — 1R (i)
= (i = 1) — B (4)d (0) + 53 (4R () w (i — 1)
= (Yar — B2 (0)%3. (1) ) Wi = 1) = 5 (8) (9,0 (6 w0 + 17(0)
+ 1Bk (1) (1) Wl

= (Tar — B (0)%3.(0) )W (i = 1) — paBrgiay 9o, X (X4 (1) W

— Wi BrGdy Ay, (1) X5 (1) Wo — i Bre G, X0 (1) P (1) — f01 Bk, (1)1 (4)

+ B gz, Xk (X5 (1)Wo + 1 Bida, (1), (1) W
1

(5-19)



Chapter 5. Quantization-Aware Federated Averaging LMS Algorithm 89

The choice of f in (5-18) makes (5-10) approximately true. In order to reduce
the complexity of the model, we assume in the sequel that (5-10) is exactly
true, so the instantaneous values of terms I and /7 in (5-19) are equal with
different signs and vanish for sufficiently large ¢ (our simulations in Sec. 5.6

show that this approximation is reasonable). Then (5-19) simplifies to

Wi (i) = (IM Mkﬁkxk( )X k(z))ﬁ’(z — 1) = 1k BrGa, Aa,, (1) %5 ()W,

— M1 B Gu, Xk (D)P1 (1) — 111 Brde, (1)1 (7).

(5-20)

Therefore, the weight-error vectors of the averaged estimates at the server are

given by

o~ Ly L e

W(i) = 2= > Wii) = (T — 5 2 i (i)%; (i) ) Wi — 1)
k=1 k=1
1 N 1 N
N};Mlﬁlgdqul Wo N; lﬁlgzlxl () (5—21)
1 N
NZ 519z, (4)p; (7)

o

=1

Let us now define

R = blockdiag {Rz,,. .., Ra, } (MN x MN)
B = blockdiag {511M, , 5N1M} (MN x MN)
B = blockdiag {5 L, ..., ﬁNIM} (MN x MN)
G = blockdiag {g IM,...,ngIM} (MN x MN)

= blockdiag {r, (1)} (i), ..., Qay (x4 (1)} (MN x MN)
&, = col {x1()pj (i), .. ,XN(i)pyv(w} (MN x 1)
¢ = col {aw, ()P (i), .-, duy (V)P (i) } (MN x 1)
n = col {gi, W, .., GayWo ) (MN x 1),

and write w; in a more compact form as

Wi = H(Lyy — MBRz)W, 1 — HMBYn — HMBGE, - HMBC,.
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Defining an M x M N matrix D as follows:

D = E[H (Tury — blockdiag{u 5% (1)%; (i), . .., v B3 % ()% (1)})]

(5-22)

and taking the expectation of WZW;‘, we obtain

E[w:W;| = E[DW, ;W] ,D’| + E[HMBEn Y B M H"|
+E[HMB(CB M N | + E[HMBGE £ G B M H|
+E[HMBGEN Y B M HT| + E[HMBYin¢; B" M 1|

+E[HMBYing " B" M "H"| + E[HMBC£ G B M 1|

+E[HMBGEC B M H!| + E[HMBY mn Y B M H].
(5-23)

We now use the commutative property of the expectation and vectorization
operations, and the relationship between the vectorization operation and the

Kronecker product, vec(ABC) = (CT ® A)vec(B), to write (5-23) as follows:

vec(Q2;) = (D @ D) vec(§2;-1) + vec(E;), (5-24)

where Q; = E[VVVNV

Z} and E; denotes the summation of the second term to the

last one on the RHS of (5-23). Note that vec(£2;) is stable if and only if the

spectral radius of (D ® D) is strictly smaller than 1. Therefore, we obtain

lim vee(€) = (Liznz — (P @ D)) vee(Eswe), (5-25)

i——+00

and vec(E, ) is given by
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vee(Eyoe) = lim vee(E:) = (H ® H)
vec <MB (9E[e&]g" + B[xm x| + E[¢.¢]
+GE[&m Y| + E[Ting|G" + GE[£,¢;]
+E[¢£]G" + E[Tin¢;] + E[¢n Y]] ) BTMT>
~(HOH)
vec (MB (QE €&]6" +E[ X Y| + E[¢.¢] > BTMT> ,
(5-26)

where under Assumptions 2 and 3, the expectations of the cross-terms vanish

and

]E[Ezgﬂ = diag {Rxlalgl’ T ’RINUI%N}

E[Yimn Y]] = diag {g3 Ry, (WiRa,Wo), - -, 93, R, (WiRay W, ) | (5-27)
E[¢,C;] = diag {Ry, 102, ..., Ry, w0l |-
The analytical computation of Rz, , R, », and 012% is detailed in Appendix A.
Therefore, the steady-state MSD of the network is given by
o . ~ /\112]
MSD = i E[J(0)]) = vec(2,..)
-1
— vecT (IM2N2 - (D® D)) (HRH)
vec (MB (g]E [Qgﬂ G’ 4 E[Tmn*Tﬂ +E [QCID BTMT> .
(5-28)
It can be seen from (5-24) that, for 0 < i < 1 the eigenvalues of D@D remain
in the interval (—1,1), and thus QA-FedAvg-LMS is stable in the mean-square
sense and (I w2y — (D ® ’D)) in (5-28) is nonsingular.
Remark 3: (High precision signals, b = oo ). Increasing the number of

quantization bits, the diagonal entries of G,, approach unity where for high

precision signals (b = 0o) with X = xj, we have G,, = I, according to (2-33)
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and R, = 0 according to (5-5), and consequently 8, (i) = I from (5-18). For
b = oo we also have ¢4, = 0 and g4, = 1, and since py (i) = ga, vi(7) +qq, (i), thus
2

0, = O'gk. Therefore, for high precision signals, the third and fourth definitions

in (5-27) vanish, and with R = blockdiag{R.,,,...,R.,}, (5-28) reduces to

MSD = vec? (Iene — ((Iyn —R) @ Iyn — R)(HQH B
( (( )@ ( Hew)) )

(H @ H)vec <diag {,uiailel, . ,u%agNRJCN}),

which is equal to the theoretical MSD of the standard FedAvg-LMS. So, as we
expected, the MSD performance of QA-FedAvg-LMS becomes closer to that of
the standard FedAvg-LMS with the increase of the resolution of ADCs.

5.5
Computational Complexity

Table 5.1 shows the computational complexity of the QA-Fed Avg-LMS
algorithm in terms of the number of multiplications and additions at device
k per time instant. At each time instant, QA-FedAvg-LMS performs a few
more operations (= O(2%)) than FedAvg-LMS. However, the extra complexity
of QA-FedAvg-LMS allows the system to work in a more energy-efficient way.
The computational cost at the server (5-3b) is the same for QA-FedAve-LMS
and FedAvg-LMS algorithms. Table 5.2 compares the total computational
complexity of the quantization-aware algorithms [59,60,62,63,64] in this thesis
with the total computational complexity of the standard distributed adaptive
algorithms [14,15] at node k.

5.6
Simulation Results

In this section, we assess the performance of the QA-FedAvg-LMS
algorithm for a parameter estimation problem in an IoT network with N = 100
devices. The unknown parameter vector has a length of M = 32, is generated
randomly and normalized to unit norm. We generated 105 M x 1 vectors

with multivariate Gaussian distribution as the input data samples x (i) for
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Table 5.1: Computational complexity of QA-FedAvg-LMS algorithm per time
instant at device k

Task +— X + exp

G2, 3 3 0 0

ar(4) 20— 1 26+ 1 2641 | 20

Br(i) 1 2 1 0

di.o(4) M—1 M+1 0 0

ex (i) 1 0 0 0

wi(i+1) M M+2 0 0
Total 2M +2°+3 | 2M +2¥+t 49 | 26 42 | 20

Total (FedAvg-LMS) 2M 2M +1 0 0

Table 5.2: Total computational complexity of the DLMS, DQA-LMS, DRLS,
DQA-RLS, FedAvg-LMS, and QA-FedAvg-LMS algorithms per time instant at
device k

Task +- X + exp
DLMS (2 +np)M (2+n)M +1 0 0
DQA-LMS 24+n)M+2°+3 | (24+n)M+2041 49 | 2642 | 20
DRLS 8M? — 1+ 10M2+ 1 0
(2ny + 10)M (4ny + 14)M
DQA-RLS M2+ 2 24 10M2 4+ 20414 20 43| 20
(2ny, + 10)M (4ny + 14)M + 12
Fed Avg-LMS 2M 2M + 1 0 0
QA-FedAvg-LMS 2M 420 +3 2M +20+1 19 20 42| 20

100 devices (1000 data samples for each device) with the covariance matrix
R,, = 02 Iy where 02, € (0.5,1). The noise samples of each device are drawn
from a zero mean white Gaussian process with variance o7, € (0.01,0.05). The
data samples are quantized with 7, and £; to generate X(i) and dy(i). We
choose pr = 0.05 as the step size of QA-FedAvg-LMS and Fed Avg-LMS.

We use the mean-square deviation (MSD) to investigate the performance
of the network and use the excess mean square error (EMSE) to compare the

performance of each device k as given by:
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MSD £ Tim E[|jw, — w(i)|]
(5-30)
EMSE;, £ lim E[||(w, — w(i))*x.(7)]|*].

i—+00

The simulated learning curves are obtained by ensemble averaging over 200
independent trials and the steady-state values are averaged over the last 10%
data samples. We have compared QA-FedAvg-LMS (5-3) with Fed Avg-LMS
(2-24) with generated data quantized with different numbers of bits. Full
resolution FedAvg-LMS refers to the case where the data {xx (i), dx (i)} is not
quantized.

Figure 5.2 shows the evaluation of the global MSD (5-30) for 1000
communication rounds between server and devices. Figure 5.3 compares the
steady-state MSD values for the different signal-to-noise ratios (SNR) (keeping
o2 € (0.5,1) and changing o7, ) where the SNR value is averaged over devices.
Figure 5.4 compares the steady-state EMSE (5-30) performance of 10 randomly
chosen devices. As it can be seen in the numerical results, the network MSD and
device-wise EMSE performance of the proposed QA-Fed Avg-LMS algorithm
are closer to the full resolution FedAvg-LMS while it substantially reduces the
power consumption related to the ADCs in the input sensors.

In the last example, we evaluate the MSD performance of Fed Avg-LMS
and QA-FedAvg-LMS algorithms for different SNRs and we set M = 8 and
N =10 to calculate the theoretical expressions in (5-28). The step-size is set
to 0.2 for 1-bit quantization and 0.05 for other curves. Figure 5.5 compares
the simulation results with those obtained by the analytical expression in
(5-28). The results indicate that the theoretical and simulated results agree
well especially for b = 3 and b = 4 bits, and low to moderate values of SNR,

confirming the validity of the theoretical development.
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Figure 5.2: MSD curves for the FedAvg-LMS (2-24) and QA-FedAvg-LMS (5-3)
algorithms.
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Figure 5.3: Steady-state MSD versus SNR for the FedAvg-LMS (2-24) and
QA-FedAvg-LMS (5-3) algorithms.
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Figure 5.4: Steady-state EMSE curves for the FedAvg-LMS (2-24) and QA-
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5.7
Chapter Summary

In this chapter, we have proposed an energy-efficient framework for
federated learning and developed the QA-FedAvg-LMS algorithm along with
bias compensation strategies for loT networks. The QA-FedAvg-LMS algorithm
has comparable computational complexity to the standard FedAvg-LMS
algorithm while it substantially reduces the power consumption of the ADCs in
the network. Simulations have shown excellent performance of QA-Fed Avg-LMS

as compared to FedAvg-LMS for coarsely quantized signals.



6

Conclusions and Future Works

This thesis has developed novel energy-efficient signal processing tech-
niques for IoT networks to fill the existing gaps in distributed signal pro-
cessing techniques working with coarsely quantized measurements. Two dis-
tributed adaptive algorithms, i.e., distributed least-mean square (LMS) and
distributed recursive least-squares (RLS), have been developed and equipped
with a quantization-aware framework to work with coarsely quantized signals
which allows a substantial reduction of the energy consumption associated
with ADCs using few quantization bits in two different scenarios: adaptive
IoT networks where devices are operated in peer-to-peer mode and federated
learning setup where devices are operated under the supervision of a central
server.

Chapter 3 has introduced the distributed quantization-aware LMS (DQA-
LMS) algorithm. The derivation of DQA-LMS was presented and consisted of
the implementation of a signal decomposition based on Bussgang’s theorem
along with the development of a diffusion LMS algorithm with adaptive bias
compensation to further improve the performance of DQA-LMS when the
ADCs work with few bits. The complexity of DQA-LMS was investigated
and it was shown that DQA-LMS has comparable computational cost to the
standard DLMS algorithm while it enormously reduces the power consumption
of the ADCs in the network. A statistical analysis of the proposed DQA-LMS
algorithm was carried out including the mean and the mean square performance
analysis, deducing a stability condition and an expression for the mean square
deviation. Simulations have evaluated the DQA-LMS algorithm against existing

techniques for a distributed parameter estimation task and demonstrated the
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effectiveness of the DQA-LMS algorithm.

Chapter 4 has introduced the distributed quantization-aware RLS (DQA-
RLS) algorithm. The derivation of DQA-RLS was presented with the bias
compensation strategy to improve the performance of DQA-RLS when the
ADCs are working with few bits. A statistical analysis of the proposed DQA-RLS
algorithm was carried out including the mean and the mean square performance
analysis, deducing a stability condition and an expression for the mean square
deviation. The complexity of DQA-RLS was investigated and it was shown
that DQA-RLS has comparable computational cost to the standard DRLS
algorithm. Simulations have assessed the DQA-RLS algorithm against existing
techniques for a distributed parameter estimation task and demonstrated the
effectiveness of the DQA-RLS algorithm and a good match between theory and
experiments.

Chapter 5 has presented the quantization-aware LMS algorithm for the
federated learning setup, and derived the QA-FedAvg-LMS algorithm and
acquired a bias compensation strategy to improve the performance of QA-
FedAvg-LMS for coarsely quantized measurements. A statistical analysis of the
proposed QA-FedAvg-LMS algorithm was carried out including the mean and
the mean square performance analysis, deducing a stability condition and an
expression for the mean square deviation. The computational complexity of
QA-FedAvg-LMS was investigated and it was shown that QA-Fed Avg-LMS
has comparable computational cost to the standard FedAvg-LMS algorithm,
while it enables IoT devices to work with low resolution ADCs to reduce
their energy consumption. Simulations have evaluated the QA-FedAvg-LMS
algorithm against existing techniques for a distributed parameter estimation
task and demonstrated the effectiveness of the DQA-LMS algorithm.

Some suggestions for possible future works also include:

1. The DQA-LMS has the simplicity of LMS-type algorithms whereas

the DQA-RLS is more robust against correlated inputs and faster in
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convergence as other RLS-type algorithms. Therefore, one can easily
extend the Quantization-Aware framework to other distributed adaptive
algorithms inspired by the results obtained from DQA-LMS and DQA-
RLS algorithms. For instance, the dichotomous coordinate descent (DCD)
algorithm [65,66], the partial-diffusion recursive least-squares (PDRLS)
algorithm [28] have been successfully used for significant reduction in the
complexity and communication cost of RLS algorithms, respectively, and
are potential candidates to apply the quantization-aware framework from
DQA-RLS to reduce the complexity, the communication cost and the

energy consumption simultaneously.

2. Investigating the quantization-aware algorithms and the bias compensa-
tion strategies for the cases where i) the inputs have other probability
distribution (not Gaussian) or ii) the distribution of input data is not
known. Perhaps extending the Bussgang’s theorem for different types of

distribution could be helpful.
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A
Theoretical expressions for MSD values

In this section, we obtain the theoretical expressions for Rz, , Ry, », and
o7 based on R,,, o; for the designed thresholds and labels. We consider

oap) = Ela(i)8*(j)] and o2(i) = E[a(i)a*(:)]. From (4-38a) and (2-31),

R,,  can be obtained as follows:

R, =Rz — G, R, G,,, (A-1)

where G,, is computed as in (2-33) with R,,. We evaluate the covariance

matrix Rz, whose diagonal entries are given by

2b—1
(R Jmm = E[IZk(m) "] = h > GP[Ex(m) = 1]
=0
2b—1
=h Z ZJZ]P)[TJ < Xk(m> = lj < Tj+1] (A—2)
=0
iy e (@(ﬁ%) ~a( )
j=0 ’ O, (M) Oz, (M)
where 02 (m) = E[jxx(m)’] = [Ra)mm, ®(.) refers to the cumulative

distribution function and the variable h = 1 for real data and h = 2 for
complex data. The off-diagonal entries of Rz, for 1 < m,n < M and m # n

are given by

2b_12b1
2b_12b—1 (A‘3)
= > LLPlry < xp(m) < g1, 7 < Xp(n) < Tl
7=0 p=0

Unfortunately, (A-3) does not have a known closed-form expression and hence,

has to be evaluated using numerical methods [25]. However, in what follows, we
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shall present a closed-form approximation for the off-diagonal entries of Rz, ,

following [26]. Let us rewrite (4-38a) as follows:
Xp(1) = G, Xk (1) + () = Xk (i) + €(2), (A-4)

where €, (1) is the quantization error which by definition is the difference between
an input value and its quantized value. Each quantization process is assigned
a distortion factor p,(7) to indicate the relative amount of quantization error
generated, which is defined as follows:

2

pali) = 2l (A-5)

o3, (i)’

where o7 (i) is the variance of the input and the distortion factor py(i) depends
on the number of quantization bits b, the quantizer type (uniform or non-
uniform) and the probability density function of x,(7) [26]. For Gaussian inputs
and a scalar non-uniform quantizer, e.g., Lloyd-Max quantizer, the distortion
factor p,(i) = p, can be obtained from Table A.1 in [47] for different b and
asymptotically approximated by p, = ”T‘/%*Qb for b > 5 [67]. Based on this, we

obtain an approximation of Rz, as follows [26]:

Rz, ~ (1—p,) (ka — pgnondiag{R,, }), (A-6)
where the operator nondiag{A} = A — diag{A}. Using this, we approximate

the off-diagonal entries [Rz, |im.» as follows:
nondiag{Rz, } = Rz, — diag{Rz, }. (A-7)

Note that we compute the diagonal elements of Rz, directly using (A-2) instead
of using the approximation in (A-6), to get an accurate expression for [Rz, |im.m,
and approximate the off-diagonal entries [Rz, |, from (A-7).

We now find a closed-form expression for 2 , where py.(i) = ga, vi(i)+qa, ()

and
on. = Elpe(0)pi(1)] = 93,07, + Elga, (1)q5, (9)]. (A-8)
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From (4-38b), we have

0, = Elaa, (1)qy, (1)] = 03— 94,00, (A-9)
where considering the data model in (2-3), aﬁk is given by

0. = Eldi(i)d; ()] = WiRa w, + 07, (A-10)

Finally, using the same evaluation as in (A-2), the variance of dj, is given by

201
o5 = Eldy(d )d,(i)] = h Y BPRi(m) = 1)]
7=0
201
=h Z ZJZ]P)[TJ <d, = lj < Tj+1] (A—ll)
—h22112< (fml) _¢<ﬂff>>'
Od, Od,

Table A.1: Distortion factor p, for different ADC resolutions b [47]

b 1 2 3 4 5
pq 0.3634 0.1175 0.03454 0.009497 0.002499




B
Computational complexity of DQA-RLS algorithm per time
instant at in Detail

Table B.1: Computational complexity of DQA-RLS per time instant at node &

Task +— X = exp
52..0(1) =707, o(i = 1) + (1= )|zr,0()]? 2 3 0 0
o3, (1) =02 o(i)+07, 1 0 0 0
b _ T.? _ ’.72+1
201, ~ ~
ka,b(i) = 7/% 5 Z ﬁ (e e, _ g ":ck(l)> 2b _ 1 2b+1 +1 9b 41 9b
ka 1) j=0
. 92, 572, (1)
] LA R A— 1 2 1 0
/Bk,b(l) gik’b(i)agk(i)+63’k
Brp()WH (i — 1)x1.0(i) 4M —2 4M +2 0 0
ekyQ(i) = dkyQ(i) — WiI(Z — 1)Bk’b(i)xk7Q(i) 2 0 O 0
P (i)x1.0 (i) AM? — 2M AM? 0 0
XZ,Q(QP’C(i)XlﬁQ(i) 4M — 2 4M 0 0
A+ 5£7b(i)x;7Q(z’)Pk(z‘)xk,Q(z’) 1 2 0 0
Bi .5 ()
B, (0% o (VP (D%, (1) 0 0 1 0
. . B (1)
P ()10 () 3357 3, 0P 00 ) 0 2M 0 0
PiaOPLDxea®) v ivp, ;) 202 AM2 0o | o
AMB; L (x5 o ()Px (D)%, (1) Tk.Q k
Sy B (OPLG=Dxk,q(D)x} o ()P (i—1) 2
Py (i 11) 282, ()% o )Pk —1)%5,0 () 2M 0 0 0
Pi(i) = 3 (Pu(i —1)- 0 2M? 0 0
Bi v (O)Px(i — 1)xr,(0)x} o ()Pr(i — 1)
A+ 88, ()5 o (1) Pr(i — 1)xp,q (i)
Pk(i)ﬂk,b(i)xk’Q(i)ek,Q(i) 2M 4M + 2 0 0
hk(Z) = hk(Z — 1) + Pk(i)ﬁkﬂb(i)XhQ(i)ek’Q(i) 2M O 0 0
wyi (i) = Z ahy (7) 2n M Ang. M 0 0
leNk
Total M2 +2° 424 | 10M2 + 201+ 2043 | 20
(2ny + 10)M (4ng, + 14)M + 12
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